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Abstract
The direct simulation Monte Carlo (DSMC) is a probabilistic, particle-based com-
putational technique, that is widely used for solving rarefied and highly non-
equilibrium flows. The transport properties in DSMC are obtained as a result of
the transport of mass, momentum and energy during binary collision processes
between the simulated particles. The details of the collision processes, and there-
fore, the transport properties are dictated by the collision cross-section models
employed in DSMC. In the DSMC method, phenomenological models are used for
describing the collisional interaction of the simulated particles in the gas. Accu-
rate modeling of transport properties is absolutely critical in any computational
solver for obtaining physically realistic solutions of the flow field. In this work,
a systematic approach for calibrating the DSMC collision model parameters to
achieve consistency in the transport processes is presented. The DSMC collision
cross-section model parameters are calibrated for high temperature conditions by
matching the collision integrals from DSMC against physically accurate collision
integrals that are currently employed in the Langley Aerothermodynamic Upwind
Relaxation Algorithm (LAURA) and Data Parallel Line Relaxation (DPLR) high
temperature CFD solvers. The DSMC parameter values are computed for the
widely used Variable Hard Sphere (VHS) and Variable Soft Sphere (VSS) models
using both the collision-averaged and collision-specific pairing approaches. An
analysis on the applicability of the pairing approaches revealed that, each specific
collision process needs to be treated independently (i.e., collision-specific pairing
approach) in order to obtain physically accurate collision integrals and transport
properties. In addition, the validity of the VHS and the VSS model to adequately
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capture the various phenomena occurring during the different types of collisional
interactions in a weakly-ionized gas mixture is examined. Use of the VSS model,
that could account for the anisotropic scattering of the collision process, was found
to be necessary to achieve consistency in transport processes of ionized gases. The
agreement of the VSS transport properties as determined by the ab initio based
collision integral fits was found to be within 6% in the entire temperature range,
regardless of the composition of the mixture. The recommended model parame-
ter values can readily be applied to any gas mixture involving binary collisional
interactions between the chemical species presented, for the specified temperature
range. This general procedure is used for calibrating the collision model param-
eters for the interactions in some important gas systems and an extensive set of
calibrated collision model parameters are presented. The recommended best-fit
parameter values are provided for neutral gas mixtures over a temperature range
of 1000-5000 K, and for ionized gas systems over a temperature range of 1000-
20,000 K. Finally, the effect of the calibrated parameters are studied by comparing
the flow field solutions computed using the calibrated parameters and Bird’s val-
ues for a neutral and ionized air mixture. Comparison of stagnation line heat flux
values show significant differences (up to 40%) in the calibrated collision-specific
VSS parameters with respect to Bird’s collision-averaged VHS model values.
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Chapter 1
Introduction
1.1 Motivation
With the ever increasing complexity of high-speed aircrafts and re-entry vehi-
cles, the study of hypersonic flows has become increasingly important. In order
to be able to design such aircrafts and vehicles in a cost-effective manner, it is
necessary to understand and accurately model the flow over such bodies. The
analysis of an hypersonic flow becomes complicated owing to the multi-physics
phenomena occurring over diverse spatial and temporal regimes. In addition, the
extensively developed numerical tool for modeling fluid flows; the Computational
Fluid Dynamics (CFD) ceases to be valid at some regions of the flow field, due to
the strong non-equilibrium created by flow structures, such as shocks and bound-
ary layers. Accurate modeling of flow at these locations is extremely important
for the precise prediction of the various quantities required in the design process.
In such a case, kinetic-based methods like DSMC, direct Boltzmann solver; which
employ a molecular description of the gas are necessary for obtaining high-fidelity
flow field solutions.
The direct simulation Monte Carlo (DSMC) method is a widely used compu-
tational technique, the scope of application of which extends from micro elec-
tromechanical (MEMS) devices to hypersonic flows over re-entry vehicles. It is a
probabilistic particle based method, which emulates the physics of the Boltzmann
equation. Thus, the DSMC method is applicable at all regions and is not limited
by the restrictive assumptions of the continuum description. Accurate modeling of
transport properties is absolutely critical in any computational solver for obtaining
1
physically realistic solution of the flows. In the DSMC method, phenomenological
models are often employed to describe the collisional interaction of the simulated
particles in the gas, while simultaneously recovering physical observations (vis-
cosity, thermal conductivity, etc.) of realistic dilute gas flows. Unlike CFD, the
transport properties in DSMC are not specified, but are obtained as an outcome
of the movement of simulated particles and their intrinsic identity, momentum
and energy, through the domain. This transport of particles and their properties
are dictated by the binary collisional interactions, which are represented using
collision cross section models in DSMC. These phenomenological models provide
some free parameters, that can be specified accordingly for each species in order
to obtain physically accurate values for the transport coefficients under a statis-
tical framework. However, the values for these collision model parameters that
are currently being employed by the DSMC community are based on the fitting
of transport property data [1] and does not reflect the recent experimental and ab
initio calculations. Moreover this is the case only for neutral species; the parame-
ter values for the ionized species are simply set equal to that of the corresponding
neutral particles without any rigorous calculations. This inherently assumes that
the collision interaction of the ions are similar to that of the neutral particles,
which is unrealistic. This effort is directed at establishing a systematic approach
of calibrating the collision model parameters in DSMC for accurate modeling of
transport properties in weakly-ionized gas mixtures.
1.2 Molecular Nature of Gases and the Dilute Gas Limit
Although in many scenarios, an accurate description of the flow behavior may
be obtained by treating the gas as a continuous medium; in reality, the gas is made
up of discrete particles, which are constantly in motion. An aggregate or average
description of these molecular motions results in all the observed macroscopic
phenomena. An inherent requirement for the validity of the continuum description
is that, even the smallest volume scale of significance contains a sufficient number
2
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Figure 1.1: Knudsen number limits for validity of different flow descriptions [2].
of particles to provide a good statistical average with negligible variance. This
restrictive condition is, however, almost always satisfied in many flow scenarios
of interest, thus the commonly used CFD technique (for solving continuum flow
equations such as the Navier-Stokes and Euler) could be applied to obtain accurate
results. Another important criteria that needs to be satisfied in order for the
continuum description to hold (as will be shown in chapter 2) is that the deviation
from the equilibrium or a Maxwellian velocity distribution should be minor. This
condition can be quantified by the use of the gradient length based local Knudsen
number (KnGLL), which is defined as the ratio of the mean free path λ and the
length scale associated with the spatial gradient of the macroscopic quantities.
KnGLL =
λ
Q/∇Q (1.1)
In the limit, where the Knudsen number tends to zero (Eqn. 1.1), corresponds
to a physical situation where there is negligible departure from equilibrium. This
is the inviscid limit, and can be modeled using the Euler equations (Fig. 1.1). In
the cases where there is a small, but non-negligible departure from equilibrium,
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spatial non-uniformity in the macroscopic properties gives rise to various transport
mechanisms (shear stress, heat conduction and diffusion, etc.). In this regime, the
Navier-Stokes equations, which links the transport fluxes to the gradients of the
macroscopic quantities, can be used to accurately describe the flow. A traditional
limit for the validity of the Navier-Stokes equations is that the Knudsen number
should have a value of less than 0.1. In addition, the closure of the Navier-
Stokes equations require the information to express the transport flux in terms
of the gradients of the macroscopic quantities through coefficients (i.e., viscosity,
thermal conductivity and mass diffusion coefficients, etc.), which is either obtained
through experiments or from the molecular description of the gas.
When the local Knudsen number becomes greater than 0.1, typically observed
within a shock or a boundary layer, the departure from equilibrium is so strong,
that the definition of the transport fluxes as a (linear) function of the macroscopic
gradient starts to fail, thus leading to the breakdown of the Navier-Stokes equa-
tions. In these circumstances we have to resort to the kinetic-based methods like
DSMC, which employ the microscopic molecular description of gases in order to
obtain accurate solution of the flow.
A molecular model of a gas involves a detailed description of the motion, forces,
and interactions between the particles. Each molecule possesses an inherent mass,
momentum and energy (various forms like rotational, vibrational, etc.), which
are modified through the collisional interactions with the other molecules and
by externally applied forces. This microscopic flow of particles through space
describes the macroscopically observed transport phenomena. Such a formulation
is governed by the Boltzmann equation describing the evolution of the velocity
distribution function (VDF) of the particles. This detailed formulation of the
fundamental particles in not limited by the level of non-equilibrium of the system
(i.e., the shape of the VDF) and is valid across the entire range of Knudsen
numbers (Fig. 1.1).
Such a detailed description of gases can to some extent be simplified by making
some assumptions pertaining to the system under consideration. This work is
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limited to the study of rarefied systems, where the density of the gas is very
low. In such systems, the mean free path between the collisions is much greater
than the distance between particles, which in turn is much greater than the size
of the molecules [1]. This is termed as the dilute gas limit. In this limit, the
interaction between the particles is limited to the duration of collision process,
which is assumed to be much smaller than the interval between the collisions. In
addition,the vast majority of collisions that occur in a dilute gas are assumed to
be binary interactions.
1.3 Consistent Treatment of Transport Processes in
DSMC
Ensuring the consistency of the physics behind any numerical approach is
of paramount importance in order to obtain high-fidelity physically accurate re-
sults. Since the flow scenarios of interest are highly complex in nature, consisting
of multi-scale, multi-physics phenomena across disparate time scales, there are
various aspects associated with establishing consistency.
The transport mechanisms, which describe the propagation of information is
a fundamental property of the flow and the system and needs to be accurately
modeled. The transport properties in DSMC simulations are not specified di-
rectly, but are determined by the motion of the intrinsic properties of identity,
momentum and energy associated with the particles, through the domain. These
properties can be transfered as a result of the collisions between the particles.
In DSMC, these collisional interactions, which ultmately described the transport
properties are modeled using collison cross section models. The collision models
used in DSMC are phenomenological in nature and provide an estimate of the av-
eraged behavior behind the intermolecular potential description needed to resolve
the collision process at the molecular level. However, employing such detailed
collisional interaction models in DSMC would result in extreme computational
expense [3].
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Although unrealistic collision models are employed in DSMC, these collision
models have some free parameters, that can be specified in order to obtain phys-
ically accurate results under a statistical framework. This requires a rigorous
and consistent methodology to link these collision model parameters to the final
transport coefficients. The next step is devise a calibration procedure to get quan-
titative values for these parameters using the methodology. In addition, it needs
to be ensured that the results obtained from such a calibration are generic and
not restricted to a specific system.
An additional consideration in the phenomenological collision models is the cal-
culation of model parameters in the case of unlike collision pairs. The collision-
averaged pairing approach, which is widely used in the DSMC community, spec-
ifies the DSMC collision parameters for each chemical species, regardless of the
collision partner. The parameters for the inter-species collision are determined
as a simple average of the species parameters. In the collision-specific pairing
approach, the DSMC parameters are defined for each specific collision pair.
Extension to hypersonic flows and weakly-ionized plasmas presents another
challenge. For weakly-ionized flows, in addition to the neutral species, there are
ions and electrons. The interaction between the these particles are drastically
altered due to the presence of charge in the colliding species. However, the col-
lision model parameter values for ions are usually specified the same as that of
the corresponding neutral species and no consistent data set based on rigorous
calculations is available. Such a specification inherently assumes that the ion-
ized species interact in the same manner as that of the neutral species, which is
physically inaccurate.
1.4 Scope
The main objective of this work is achieving accurate modeling of transport
processes in DSMC by the calibration of the collision model parameters. First, a
general procedure to achieve consistency in transport properties for any computa-
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tional solver is established. This procedure is then applied to the DSMC collision
models to compute the model parameters for various important gas mixtures.
The gas systems considered in this work is limited to neutral and weakly-ionized
mixtures at high temperature range (above 1000 K), which is adequately repre-
sentative of the physical scenarios of interest. The calibration process has only
been performed for the widely used VHS and VSS collision models. However,
the general procedure outlined in this work can readily be applied to any cho-
sen temperature range and collision model. The calibration is only as accurate
as the baseline values to which they are fitted to. The recommended collision
model parameter values in this work is obtained by calibrating against the most
physically accurate values for the collision integrals that is currently available
(NASA’s species transport data), and can easily be revised when more accurate
data becomes available. The main contributions of this work can be summarized
as
• Development of a new highly, computationally efficient fitting approach
based on the work of Stephani et al. [4].
• Establishing a general procedure for calibration of the DSMC collision model
parameters for a specific interaction, regardless of the composition of the
mixture. This effectively means that the calibration needs to be performed
only once to determine the parameters, which is then guaranteed to accu-
rately model the transport processes in any gas mixture, within the specified
temperature range.
• New set of calibrated collision model parameters for weakly-ionized plasma
systems.
• Analysis of the effect of DSMC collision pairing approach on the accurate
prediction of the transport properties.
• Assessment of the validity of the considered collision models (VHS and VSS)
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to adequately capture the various interaction phenomena in a weakly-ionized
gas mixture.
While the main focus of this research was not on achieving consistency between
different solvers in a hybrid framework, this work is directly applicable to a CFD-
DSMC hybrid solver.
1.5 Outline
The subsequent portion of the thesis is organized as follows. Chapter 2 provides
a basic outline of the kinetic theory of gases and introduces the rigorous procedure
based on the Chapman-Enskog theory to express the transport properties of a
dilute gas in terms of the fundamental collision processes. This chapter also
introduces other fundamental quantities related to the collisional interactions -
the collision cross-sections and collision integrals which play an important role
in the calibration process. Chapter 3 discusses the various types of collisional
encounters that are present in a weakly-ionized plasma and the procedures used
in accurate calculation of the collision integrals for each interaction.
Chapter 4 focuses on the treatment of the transport properties in the DSMC
method. The collision models that are widely used in the DSMC community are
described and the collision integrals are expressed as a function of the model pa-
rameters. In Chapter 5, the general procedure for the calibration of the collision
model parameters and the details of the fitting technique is outlined. The pa-
rameters obtained from the calibration process using the VHS/VSS models and
collision-averaged/collision-specific pairing approaches are presented for a neutral
and ionized air mixture. A comparison is then made between the transport coef-
ficients calculated from the recommended parameters and the “standard”collision
integrals. This is used to analyze the ability of the different models and pairing
approaches to accurately predict the transport properties. Further, this procedure
is extended to other important gas systems and an extensive set of calibrated col-
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lision model parameters are presented. Chapter 6 presents a study to investigate
the effect of the calibrated parameters in DSMC. This is carried out by comparing
the flow field solutions computed using the recommended parameters and Bird’s
[1] values. Finally, the conclusions and recommendations for future work are given
in Chapter 7.
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Chapter 2
Kinetic Theory of Gases and Transport
Phenomena
This chapter exclusively deals with the transport phenomena in gases from
the perspective of kinetic theory. The main focus of this chapter is to express
the macroscopic transport coefficients in terms of the microscopic collisional in-
teractions. A brief outline of the kinetic theory and the Boltzmann equation, the
basic governing equation at the molecular level for dilute gases, is presented first.
Next, the Chapman Enskog theory is introduced and used to derive the contin-
uum equations as a limit of the Boltzmann equation. The underlying assumptions
required for this limit, and the failure of which, leads to the continuum breakdown
is also discussed. The second section outlines the rigorous derivation of the trans-
port coefficients in terms of the collision integrals, an averaged representation of
the collision process. The final section explains the physical significance of the
collision cross-sections and the collision integrals from the dynamics of a binary
collision.
2.1 Kinetic Theory of Gases
2.1.1 Boltzmann Equation
The kinetic theory of gases at the most detailed level describes the motion
and interaction of the gas molecules. Owing to the massive number of molecules
present in the smallest volume scales of interest, it is generally impossible to
monitor and follow each particle in the system. Instead a statistical description of
the system can be used to provide average or expected value of the quantities of
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interest. The velocity distribution function (VDF) is of fundamental importance
in this statistical description and is governed by the Boltzmann equation.
∂f
∂t
+ c.∇xf + F
m
.∇cf = Jcoll (2.1)
The VDF represents the quantity of molecules in a differential volume in space,
belonging to a particular velocity bin, at any given time. The Boltzmann equation
is an integro-differential equation that was first derived by physical reasoning
similar to the conservation equation in continuum. It describes the time evolution
of the VDF (1st term on the left) due to different processes. The 2nd term on
the left represents the change in VDF due to the convection of molecules through
space and the 3rd term denotes the change brought about by an externally applied
force field. The term on the right side of the equation represents the distortion of
the VDF due to the binary collisional interaction between the molecules, and is
expressed as
Jcoll =
∫
(f
′
f
′
1 − ff1)gσdΩd3c1 (2.2)
f & f1 is the distribution function of the two interacting particles before the
collision and f
′
& f
′
1 is the distribution function in the post-collisional stage. The
quantities g, σ and Ω represents the relative velocity, differential cross-section and
solid angle of the collision. During a collision, the number of particles present in
the pre-collision velocity bin gets depleted and number of particles in the post-
collision velocity bin gets replenished. Thus, the VDF of a particular velocity bin
decreases when the molecules belonging to this domain, undergo collisions; and
increases when the post-collisional velocity of the molecules fall in this bin. The
collision term represents the change in the VDF, δf , due to collisions over all
possible velocities and solid angles.
The formulation of the Boltzmann equation inherently assumes that all the
collisions are binary interactions, and in addition, the interaction of the particles
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are limited to the duration of the collisions. Thus, the Boltzmann equation is
valid only for a dilute gas system, where the foregoing assumptions are satisfied.
The dependent variable that is being solved here (the VDF) is not only a function
of physical space and time, but in addition, a function of the velocity space as
well. This effectively adds three additional dimensions, thus making the direct
computational solution of the Boltzmann equation extremely expensive even for
this simple case of a single mono-atomic gas.
For a steady, uniformly distributed gas in physical space, with no external
force, an analytical solution of the Boltzmann equation is possible, given by the
Maxwellian velocity distribution.
f (0) = n
(
m
2pikbT
)3/2
e−mC
2/2kbT (2.3)
In Eqn. 2.3, C denotes the random or peculiar velocity of the particle defined
as the velocity relative to the hydrodynamic velocity v. kb is the Boltzmann’s
constant and T is the temperature. n and m are the number density and mass
of the species, respectively. The Maxwellian velocity distribution describes the
gas in equilibrium, with no macroscopic gradients present in the system. As will
be shown in the subsequent section, this distribution can be used to derive the
continuum equations corresponding to this system, i.e., the Euler equations.
2.1.2 Small Parameter Method and Chapman-Enskog Theory
Considering a gas mixture with K species and no external forces, two pro-
cesses are responsible for altering the VDF, the streaming and the collision op-
erator. When there is a deviation from the equilibrium distribution, both these
processes act to bring the system back to equilibrium. But when the deviation
(or the macroscopic gradients) is small, the velocity distributions of the molecules
present in the contiguous regions in physical space will not be significantly differ-
ent. Thus, the dominant effect, which is responsible for bringing the system back
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to equilibrium in such a case is that of the collisions. Thus, in order to analyze
slightly non-equilibrium systems, a small parameter ε is introduced to highlight
the contribution of collisions [5].
∂fi
∂t
+ c.∇xfi =
K∑
j=1
1
ε
Jcoll (fi, fj) (2.4)
Here, fi represents the VDF of the species i. In the Chapman-Enskog approach
[6], for a system which is slightly departed from equilibrium, the solution to the
Boltzmann equation can be expressed as a perturbation to the Maxwellian VDF.
f = f (0) + εf (1) + ε2f (2) + ε3f (3)... = f (0)
(
1 + φ(1) + φ(2) + φ(3)...
)
(2.5)
where f (r) and φ(r) are the rth order correction and perturbation, respectively, to
the equilibrium distribution f (0). Upon substitution of this power series expansion
into the Boltzmann equation and equating the coefficients of the same powers of
ε, we obtain the following equations for the zeroth, first and generic rth order
solution, respectively [5].
K∑
j=1
J
(
f
(0)
i , f
(0)
j
)
= 0, i = 1, 2, ..., K (2.6)
K∑
j=1
J
(
f
(0)
i f
(1)
j
)
+
K∑
j=1
J
(
f
(1)
i f
(0)
j
)
= (Dfi)
(0) i = 1, 2, ..., K (2.7)
K∑
j=1
J
(
f
(0)
i f
(r)
j
)
+
K∑
j=1
J
(
f
(r)
i f
(0)
j
)
= (Dfi)
(r−1) −
K∑
j=1
J
(
f
(1)
i f
(r−1)
j
)
...−
K∑
j=1
J
(
f
(r−1)
i f
(1)
j
)
i = 1, 2, ..., K (2.8)
Here, D is the operator used to express the left side of Eqn. 2.4.
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2.1.3 Euler and Navier-Stokes Equations as a Limit of the
Boltzmann Equation
The Euler and Navier-Stokes equations can be derived as a special case of
the Boltzmann equation using the Chapman-Enskog theory and the summational
invariants of collisional interactions. We begin with the equations of transfer for
any molecular property ψ, that is a function of only the velocity. This can be
obtained by multiplying the Boltzmann equation by ψ and integrating over the
entire velocity space [5]:
∂(nψ)
∂t
+∇x(ncψ) = nF .∇c(ψ) +
(
∂ψ
∂t
)
coll
(2.9)
A bar on the top of quantities imply an average value which is obtained by
integration over the entire velocity space. Applying these equations of transfer to
the summational invariants of collisions, i.e., the mass (m), momentum along the
three directions (mcx, mcy, mcz); and energy (mc
2/2), the variation term due to
collisions disappears and we obtain the general conservation equation [5].
∂
∂t
K∑
i=1
∫
ψifid
3c+∇x
K∑
i=1
∫
ψicifid
3c =
K∑
i=1
Fi.
∫
fi∇ci(ψi)d3c (2.10)
Expressing the density, pressure tensor and heat flux as successive moments
of the Boltzmann equation, we obtain the well-known form of the macroscopic
conservation equations.
1
ρi
dρi
dt
= −∇.
(
v +
r∑
j=0
V
(j)
i
)
− 1
ρi
∇ρi.
r∑
j=0
V
(j)
i i = 1, ..., K (2.11)
ρ
dv
dt
= ρF −
r∑
j=0
∇.P (j) (2.12)
ρ
du
dt
= −
r∑
j=0
∇.q(j) −
r∑
j=0
P (r) : ∇v (2.13)
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The expression d/dt signifies the total or substantial derivative and ρi is the
mass density of the species i. Eqn. 2.11 represents the mass conservation for each
of the K species. V
(j)
i , P
(j) and q(j) are the successive order contributions to the
diffusion velocity, pressure tensor and heat flux, respectively [5].
V
(j)
i =
∫
miCif
(0)
i φ
(j)
i d
3c i = 1, ..., K (2.14)
P (j) =
K∑
i=1
∫
miCiCif
(0)
i φ
(j)
i d
3c (2.15)
q(j) =
K∑
i=1
∫
1
2
miC
2
i Cif
(0)
i φ
(j)
i d
3c (2.16)
Substituting the zeroth order solution of the Boltzmann equation (the local
Maxwellian VDF) into the definition of the fluxes:
V
(0)
i = 0 (2.17)
P (0) = pI, p = nkbT (2.18)
q(0) = 0 (2.19)
The conservation equations written with these expressions for the transport
fluxes correspond to the continuum Euler equations. Thus, the Euler equations
are a special case of the Boltzmann equation, valid only when the assumption of
particles being in local equilibrium holds true.
The first order correction to the Boltzmann equation is given by Eqn. 2.7, which
when written in terms of the perturbation φ and the collision integral operator I
[5] becomes
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−
K∑
j=1
ninjIij(φ
(1)
i ) = (Dfi)
(0) i = 1, ..., K (2.20)
Evaluating the right side of the expression, which is a function of only f (0), a
general form for the perturbation [5] can be represented as
φ
(1)
i = −
1
n
K∑
j=1
D ji .d
∗
j −
1
n
Ai.∇logT − 1
n
Bi : ∇v (2.21)
K∑
j=1
ninj
n2
Iij(D
j) =
1
ni
f
(0)
i
(
δij − ρi
ρ
)
C i i = 1, ..., K (2.22)
K∑
j=1
ninj
n2
Iij(A) =
1
n
f
(0)
i
(
miC
2
i
2kbT
− 5
2
)
C i i = 1, ..., K (2.23)
K∑
j=1
ninj
n2
Iij(B) =
mi
nkbT
f
(0)
i
(
C iC i − 1
3
C2i I
)
i = 1, ..., K (2.24)
In Eqn. 2.21, d∗j is the linearly independent diffusion driving force of species j
and is defined in terms of the linearly dependent driving force dj:
dj = ∇
(ni
n
)
+
(
ni
n
− ρi
ρ
)
∇log(p)− ρi
p
(
Fi −
K∑
k=1
ρk
ρ
Fj
)
(2.25)
dj = d
∗
j −
ρj
ρ
K∑
k=1
d∗k (2.26)
A,B andD can be expressed in terms of scalar functions of the peculiar velocity
C [5] as
D ji = D
j
i (C)C (2.27)
Ai = Ai(C)C (2.28)
Bi = Bi(C)(CC− 1
3
C2I) (2.29)
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Computing the first order corrections to the pressure tensor from this general
expression for φ(1) yields
P(1) = −1
5
kbT [B,B]S (2.30)
The expression for P consists of only the B term of φ(1) owing to the vanishing
of odd terms of C while integrating over the entire velocity space. [B,B] is termed
as the bracket integral of the tensor B [5] and is defined as
[B,B] =
∫
B : I(B)d3C (2.31)
In Eqn. 2.30, S is the traceless symmetric component of the velocity gradient
tensor, defined exactly in the same manner as the viscous term in the Navier-
Stokes equations.
S =
1
2
(
∂vj
∂xi
+
∂vi
∂xj
)
− 1
3
∂vk
∂xk
δij (2.32)
Calculating the first-order correction to the diffusion velocity:
V
(1)
i = −
K∑
j=1
1
3n
[D i,D j]d∗j −
1
3n
[D i,A]∇logT (2.33)
In this case, the B term of φ(1) vanishes, owing to the corresponding integrand
being odd. This expression consists of two bracket integrals (defined in a manner
similar to Eqn. 2.31), one consisting of only the D term, which is the common dif-
fusion term caused by the concentration and pressure gradient. The other bracket
integral, which contains both the D and A terms, represents the diffusion caused
by a gradient in temperature and is termed as the cross or thermal diffusion.
This thermal diffusion is usually negligible and is not modeled in the continuum
description.
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The corresponding first-order correction to the heat flux vector is given as
q(1) = −1
3
kb[A,A]∇T − p
K∑
i=1
1
3n
[D i,A]d∗i +
5
2
kbT
K∑
i=1
niVi (2.34)
Here again, the B term of φ(1) vanishes as the integrand corresponding to this
term is odd. The second term in the above equation represents the reverse of
thermal diffusion process, i.e., the heat flow caused due to the diffusion of the
molecules.This term again is typically small and is not taken into account in
the continuum description. The last term signifies the enthalpy flow due to the
diffusion process. Thus, the heat flux vector is expressed in terms of the gradient
of temperature and the bracket integral of A (defined in a manner similar to
Eqn. 2.31).
The addition of the first order corrections to the conservation equations (Eqns. 2.11-
2.13) yields the form of Navier-Stokes equations, where the transport fluxes are ex-
pressed in terms of gradients of the macroscopic concentration, pressure, velocity
and temperature. Thus, the Navier-Stokes equations are a first-order approxima-
tion to the Chapman-Enskog perturbation solution to the Boltzmann equation.
Therefore, the Navier-Stokes equations are valid only when the deviation from
equilibrium is small, such that a perturbation analysis can suitably be applied.
Inclusion of the second and third order correction terms to the Maxwellian VDF
yields the Burnett and super-Burnett equations, respectively. Notwithstanding
the increase in mathematical complexity of this extension, it has been shown that
they offer only a marginal improvement in accuracy to the Navier-Stokes equa-
tions [6], while having the same aforementioned limitation for its applicability.
Thus, these higher order solutions to the Boltzmann equation is not commonly
employed.
The present discussion which was restricted to a mixture of mono-atomic gases
can easily be extended to include molecules with internal energies [7]. However,
presently the Chapman-Enskog perturbation (Eqn.2.21) (similar to the Navier-
Stokes equations) are not fully closed due to the unknown quantities A and B.
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This is the focus of the subsequent sections where these quantities (specifically
the bracket integrals of these quantities) are expressed in terms of the fundamen-
tal collision integrals, which is basically an averaged description of the collision
process between particles in the gas.
2.2 Transport Coefficients
2.2.1 Transport Coefficients in Terms of Bracket Integrals
In the previous section, the first order corrections to the diffusion velocity,
pressure tensor and the heat flux vector were articulated in terms of the gradients
of the macroscopic quantities. Neglecting the contribution of thermal diffusion to
the diffusion velocity and expressing in terms of the multi-component diffusion
coefficients, we obtain the bracket integral form for these coefficients.
Vi = −
K∑
j=1
Dijd∗j (2.35)
Dij =
1
3n
[D i,D j] (2.36)
Rearranging the expression for pressure tensor (Eqn. 2.30) in the well known
form of the Newton’s law of viscosity, the coefficient of viscosity µ can be repre-
sented in terms of the bracket integral of the tensor B:
P(1) = −2µS (2.37)
µ =
1
10
kbT [B,B] (2.38)
Similarly the heat flux vector (Eqn. 2.34) can be rearranged in the form of
the Fourier’s law of heat conduction, to yield the expression for the translational
thermal conductivity Ktr in terms of the bracket integral of the vector A.
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q(1) = −Ktr∇T (2.39)
Ktr =
1
3
kb[A,A] (2.40)
Note that the quantities A and B and D are components of the perturba-
tion φ(1), the collision operator of which is directly obtained from the Boltzmann
equation (from Eqns. 2.22-2.24). Thus, the macroscopic transport coefficients are
now expressed in terms of the solution to the Boltzmann equation through the
bracket integrals, evaluation of which, will lead to the closure of the Navier-Stokes
equations.
2.2.2 Sonine Polynomial Expansion of the Bracket Integrals
In order to evaluate the bracket integral expressions in Eqns. 2.36, 2.38 and
2.40, the solution to the collision operator of the perturbation Eqn. 2.20 is re-
quired. However, since the collision operator I is dependent upon the interaction
potentials between the molecules, a general analytical solution is not possible
except for the special case of Maxwell molecule where the interactions are inde-
pendent of the relative speed [6]. Various approximate methods involving a series
expansion of the terms have been developed in the past [5, 8]. The most com-
monly used method is an expansion in Sonine polynomials introduced by Burnett
[9], which has been shown to produce rapid convergence to accurate solutions
with the consideration of only a few terms. Only a brief overview of the proce-
dure to obtain closed form expressions for the bracket integrals and the transport
coefficients is presented here, a detailed and thorough discussion can be found in
several texts [5, 6, 7, 8].
The general procedure involves the use of trial functions a, b and d (corre-
sponding to A, B and D , respectively) and expanding these in terms of Sonine
polynomials. The general form of the Sonine polynomials is given below.
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S(n)ν (x) =
n∑
p=0
Γ(ν + n)
(n− p)!p!Γ(ν + p)(−x)
p =
 1 if n = 0ν + 1− x if n = 1 (2.41)
For obtaining the multi-component diffusion coefficients, the trial function d is
expanded in terms of the Sonine polynomials as follows:
d ki = d
k
i (Ci)Ci =
(
mi
2kbT
)1/2 n−1∑
p=0
d k,(n)i,p S
(p)
3/2
(
C 2i
)
Ci (2.42)
The term Ci in Eqn. 2.42 is the dimensionless velocity defined as
Ci =
(
mi
2kbT
)1/2
Ci (2.43)
The index of the polynomials is chosen in accordance with Eqn. 2.22 to make the
evaluation easier. Using the maximum principle [5, 8] and equating the bracket
integrals of [D i,D j] and [d i,D j], the expression for the Dij can be derived as
Dij =
1
3n
[D i,D j] =
1
2n
(
δij − ρi
ρ
d j,(n)i,0
)
(2.44)
Notice, that the calculation of the transport coefficients requires only one term
in each order of approximation. This greatly simplifies the mathematical com-
plexity and is one of the great advantages of the Sonine polynomial expansion,
which has lead to its widespread use in the calculation of the transport coefficients
using Chapman-Enskog theory. The coefficients d k,(n)i,0 are evaluated by equating
the bracket integrals of [d i,D j] and [d i, d j] using the maximum principle. This
results in the following set of algebraic equations for d k,(n)i,0 :
K∑
j=1
n−1∑
q=0
Λpqij d
k,(n)
j,q =
8
25kb
(
δik − ρi
ρ
)
δp0, i = 1, .., K p = 0, ..., n− 1 (2.45)
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The term Λpqij in the above equation is expressed in terms of the following bracket
integrals [5]:
Λpqij =
8m
1/2
i m
1/2
j
75k2bT
{
δij
K∑
h=1
χiχh
[
S
(p)
3/2
(
C 2i
)
Ci , S
(q)
3/2
(
C 2i
)
Ci
]
ih
+χiχj
[
S
(p)
3/2
(
C 2i
)
Ci , S
(q)
3/2
(
C 2j
)
Cj
]
ij
} (2.46)
Here, χi is the mole fraction of the species i. In order to obtain the coefficient
of viscosity, a similar procedure is followed and the trial function b is expressed as
bi = bi(Ci)Ci =
n−1∑
p=0
b
(n)
i,p S
(p)
5/2
(
C 2i
)(
CiCi − 1
3
C 2i I
)
(2.47)
The choice of the polynomial index is again motivated by Eqn. 2.24 to make
the calculations more tractable. With the application of the maximum principle
[5, 8] and equating the bracket integrals [B,B] and [b,B], the expression for the
µ can be articulated in terms of the coefficients b
(n)
i,0 :
µ =
1
10
kbT [B,B] =
K∑
i=1
1
2
χikbTb
(n)
i,0 (2.48)
The set of equations for determining the coefficients b
(n)
i,0 are obtained using the
maximum principle by equating the bracket integrals of the trial function [b, b]
and [b,B].
K∑
j=1
n−1∑
q=0
Hpqij b
(n)
j,q =
2
kbT
χiδp0, i = 1, .., K p = 0, ..., n− 1 (2.49)
where Hpqij is defined in terms of bracket integrals of Sonine polynomials similar
to Eqn. 2.46.
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Hpqij =
2
5kbT
{
χiχj
[
S
(p)
5/2
(
C 2i
)(
CiCi − 1
3
C 2i I
)
, S
(q)
5/2
(
C 2j
)(
CjCj − 1
3
C 2j I
)]
ij
+δij
K∑
h=1
χiχh
[
S
(p)
5/2
(
C 2i
)(
CiCi − 1
3
C 2i I
)
, S
(q)
5/2
(
C 2i
)(
CiCi − 1
3
C 2i I
)]
ih
}
(2.50)
Repeating the same procedure for the coefficient of thermal conductivity, we
obtain the following equations:
ai = ai(Ci)Ci = −
(
mi
2kbT
)1/2 n∑
p=0
a
(n)
i,p S
(p)
3/2
(
C 2i
)
Ci (2.51)
Ktr =
1
3
kb[A,A] =
K∑
i=1
5
4
χikba
(n)
i,1 (2.52)
K∑
j=1
n∑
q=0
Λpqij a
(n)
j,q =
4
5kb
χiδp1, i = 1, .., K p = 0, ..., n (2.53)
The coefficients Λpqij is same as that defined by Eqn. 2.46 (due to the same index
of the Sonine polynomial expansions). Thus, the transport coefficients have now
been expressed in terms of bracket integrals of Sonine polynomials (instead of the
unknown terms D i, A and B), which can now be evaluated.
2.2.3 Transport Coefficients in Terms of Collision Integrals
The bracket integral of Sonine polynomials similar to the Eqn. 2.46 and 2.50
are often encountered in the calculations of transport coefficients. They are repre-
sentative of the collisional interactions between the particles in the gas (Eqn. 2.31)
and the resulting integration needs to performed over all the variables of collisional
encounter (detailed discussion on this is presented in the next section). This can
be realized only when the nature of interaction between the different particles in a
gas is known. However, the integration over the variables, which are independent
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of the nature of colliding species can be performed a-priori in order to obtain a
compact form for the expressions. Most of the commonly used bracket integrals
have thus been evaluated and tabulated [6, 10] in terms of the collision integrals,
which are defined as follows:
Ω(l)(r) = 2pi
(
kbT
2m∗
)1/2 ∫ ∞
0
∫ ∞
0
exp(−G 2)G 2r+3{1− coslχ} b db dG (2.54)
In Eqn. 2.54, G is the dimensionless relative velocity defined according to the
Eqn. 2.43 and m∗ is the reduced mass of the colliding species. b and χ are the
impact parameter and the in-plane scattering angle, respectively, of the collisional
interaction. This form of the collision integral is independent of the nature of the
intermolecular interaction potential and can be evaluated for any given potential.
The first order approximations (i.e., considering only one term in the Sonine
polynomial expansion, usually employed in flow solvers); for the binary diffusion
coefficients can be derived in terms of the collision integrals as
Dij =
3kbT
16nm∗ijΩ
1
ij(1)
(2.55)
In many cases, an effective diffusivity is calculated for each species from the
binary diffusion coefficients. In this work, the self-consistent effective binary dif-
fusion (SCEBD) model [11] is used, where the effective diffusivities Di can be
evaluated as
Di =
(
1− wi
w
)(∑
j 6=i
χj
Dij
)−1
(2.56)
In Eqn. 2.56, w and wi represent the weighting factors defined in terms of mass
density ρi and molar mass Mi as
wi =
ρi√
Mi
(2.57)
w =
∑
i
wi (2.58)
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For calculating the first order approximation of the coefficient of viscosity for
a gas mixture, the approximation for a single species is considered first. This
calculation becomes really straightforward as only the first coefficient needs to be
evaluated; the term H00 computed from the Eqn. 2.50 results in
H00 =
8
5kbT
Ω(2)(2) (2.59)
The single species approximation to the viscosity then becomes
[µi]1 =
5kbT
8Ω2ii(2)
(2.60)
The mixture viscosity to the first-order approximation [6] can be defined as
[µ]1 =
∑
i
bi (2.61)
The quantity bi is the contribution of each species to the overall mixture vis-
cosity and may be determined [6] by solving the following system of equations.
χi = bi
{
χi
[µi]1
+
∑
j 6=i
3χj
(ρ′i + ρ
′
j)Dij
(
2
3
+
mj
mi
Aij
)}
−χi
∑
j 6=i
3bj
(ρ′i + ρ
′
j)Dij
(
2
3
− Aij
) (2.62)
The quantities µi and Aij in Eqn. 2.62 represent the viscosity of species i when
pure (Eqn. 2.60) and the first ratio of collision integrals, respectively, and are
defined as
Aij =
Ω2ij(2)
5Ω1ij(1)
(2.63)
The terms ρ′i, ρ
′
j refer to the density of species (i, j) when pure at the pressure
and temperature of the actual gas mixture.
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Following a similar procedure for obtaining the thermal conductivity, the first
order coefficient of Λ11 from Eqn. 2.46 reduces to
Λ11 =
16
25cv,i,trkbT
Ω(2)(2) (2.64)
and the first order approximation for the coefficient of the thermal conductivity
of the pure species can be expressed as
[λi]1 =
25cv,i,trkbT
16Ω2ii(2)
(2.65)
where cv,i is the specific heat at constant volume of species i, and p is the pres-
sure of the gas mixture. The mixture translational thermal conductivity [6] is
determined by
[Ktr]1 =
∑
i
ai (2.66)
The quantity ai is the contribution of each species to the overall mixture trans-
lational thermal conductivity and may be determined [6] by solving the following
system of equations.
χi = ai
{
χi
[λi]1
+
∑
j 6=i
Tχj
5pDij
(
6
[
mi
(mi +mj)
]2
+ (5− 4Bij)
[
mj
(mi +mj)
]2
+8
mimj
(mi +mj)2
Aij
)}
− χi
∑
j 6=i
aj
[(
T
mimj
(mi +mj)2
)/
5pDij
](
11− 4Bij − 8Aij
)
(2.67)
The quantities λi and Bij in Eqn. 2.67 represent the conductivity of species
i when pure (Eqn. 2.65) and the second ratio of collision integrals, respectively,
defined as
Bij =
5Ω1ij(2)− Ω1ij(3)
5Ω1ij(1)
(2.68)
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The rotational and vibrational conductivities are determined using Eucken’s
formula, in which, it is assumed that the conductivity of the gas is separated into
two non-interacting parts, Ktr and Kint [6]. The internal thermal conductivities
are given by
Krot =
∑
i
ρicv,i,rot∑
j
χj/Dij
(2.69)
Kvib =
∑
i
ρicv,i,vib∑
j
χj/Dij
(2.70)
where ρi is the partial density defined as the product of the mixture density, ρ
and the species mass fraction, Yi:
ρi = ρYi (2.71)
2.3 Collision Cross-Sections and Collision Integrals
The collisional interaction between the particles, which is responsible for deter-
mining the macroscopic behavior of the gas are complicated processes. Therefore,
an average or overall description is typically used to represent the collisional inter-
action in place of the exact details of the collision process. These are represented in
the aforementioned collision integrals and the more fundamental collision cross-
sections. A brief overview of these quantities and their physical significance in
terms of an elastic, binary interaction is presented in this section. A more com-
prehensive discussion on elastic collisions can be found in Refs. [6, 8] and inelastic
collisions in Ref. [12].
2.3.1 Collision Cross-Sections
Considering an elastic, binary collision in a reduced mass frame scattering
about a fixed center (shown in Fig. 2.1), g and g
′
are the relative pre and post-
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Figure 2.1: Geometry of an elastic, binary collisional encounter - Center of mass
frame of reference.
collision velocities between the particles and are equal in magnitude. b is the
distance between the lines passing through the center of molecules and directed
along the pre-collision velocities and is termed as the impact parameter. χ is the
in-plane scattering angle,  is the azimuthal or out of plane scattering angle, and
dΩ is the solid angle defined as dΩ = sinχdχd. It is generally assumed that the
scattering is isotropic in the azimuthal direction. The differential cross-section
(DCS) then is defined as
σdΩ = b db d σ =
b
sinχ
∣∣∣∣ dbdχ
∣∣∣∣ (2.72)
This differential cross-section, which is a function of the relative velocity and
scattering angle, provides a critical link between the scattering angle and the
impact parameter. A total collision cross-section may be defined by integrating
the DCS over the deflection solid angle:
σT =
∫ 4pi
0
σdΩ = 2pi
∫ pi
0
σsinχdχ (2.73)
The total collision cross-section thus denotes an average (orientational) of the
differential cross-section over all possible scattering angles. Physically, it repre-
28
sents the area around a molecule, within which the center of the second molecule
must be present in order for the collision to occur. However, for realistic inter-
molecular potentials, this classical definition of the total cross-section can tend
to infinity [8]. Thus, usually two additional cross-sections, representative of the
transfer of physical quantities in a collision, are defined. The change in the momen-
tum along the direction of the pre-collisional velocity is given by m∗(1− cosχ)g.
This leads to the momentum transfer (or diffusion) cross-section defined by
σM =
∫ 4pi
0
(1− cosχ)σdΩ = 2pi
∫ pi
0
σ(1− cosχ)sinχdχ (2.74)
This is representative of the momentum transfer or loss, due to the collisional
interaction. Similarly the change in energy, signifying the energy transfer is given
by m∗(1 − cos2χ)g2/2 and the energy transfer (or viscosity) cross-section is
defined as
σµ =
∫ 4pi
0
(1− cos2χ)σdΩ = 2pi
∫ pi
0
σ(1− cos2χ)sinχdχ (2.75)
2.3.2 Collision Integrals
The collision integrals, which were defined in a mathematical way, as a result
of the evaluation of the bracket integrals in the previous section (Eqn. 2.76), can
be expressed in terms of the collision cross-sections as
Ω(l)(r) =
(
kbT
2m∗
)1/2 ∫ ∞
0
∫ ∞
0
exp(−G 2)G 2r+3Q(l) dG (2.76)
where Q(l) is the general form of the collision cross-sections denoted by
Q(l) = 2pi
∫ pi
0
σ(1− coslχ)sinχdχ (2.77)
Thus, from a physical point of view, the collision integrals represents an average
(thermal) of the collision cross-sections over all possible relative velocities, and a
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full set of collision integrals completely characterize the collisional interaction
process between the particles in a gas. Thus, given the form of the differential
cross-section; the collision cross-section, collision integrals and ultimately, the
transport coefficients and the transport fluxes can be evaluated. This effectively
provides the closure of the Navier-Stokes equations.
Thus, provided with a final form for the collision integrals, irrespective of the
approach from which they may be defined (using DCS, intermolecular potentials
or molecular beam scattering data, etc.), the transport coefficients can be com-
puted in a similar manner from the Chapman Enskog theory. In other words,
consistently specifying physically accurate values for the collision integrals of all
the interacting molecules (using any representation of the system), ensures that
the transport coefficients are also consistent. In addition,the collision integrals
are fundamental quantities, which depend only upon the nature of the colliding
species and the distribution of the velocities of the colliding particles in the gas,
i.e., the temperature. It contains no other macroscopic information of the sys-
tem, unlike the transport coefficients, which require the relative composition of
the various species in the mixture for its evaluation (Eqns. 2.56, 2.62 and 2.67).
Therefore, matching the collision integrals with the physically realistic values,
guarantees the accurate prediction of the transport properties, regardless of the
macroscopic state of the system. This concept is the basis of the procedure used
to achieve consistency in the DSMC transport properties in the current work.
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Chapter 3
Transport Coefficients for Weakly-Ionized Gas
Mixtures
The previous section established that consistency in transport properties can
be achieved by matching the collision integrals with physically accurate values.
The state of the art collision integrals data, that is currently being employed
in NASA’s high temperature CFD solvers is used as the “standard”baseline for
comparison with the collision integrals from DSMC. A brief description of the
various approaches used to accurately calculate the collision integrals is presented
first. Next, the various types of collisional interactions, typically encountered in a
weakly-ionized gas mixture is discussed and finally, the transport coefficients of an
eleven-species ionized air system at equilibrium is examined over the temperature
range of interest.
3.1 “Standard”Collision Integrals
The consistency in transport properties is of paramount importance for ob-
taining high fidelity, physically accurate solutions of fluid flows. Consequently, a
significant amount of research was (and still continues to be) devoted to obtaining
the precise values for the collision integrals using both experiments and ab initio
calculations [13, 14, 15, 16, 17, 18, 19]. A comprehensive set of the best available
collision integral data in the literature is currently being employed in NASA’s
Langley Aerothermodynamic Upwind Relaxation Algorithm (LAURA) and Data
Parallel Line Relaxation (DPLR) high temperature CFD solvers. These collision
integrals are typically stored as curve fits as a function of temperature, and the
transport properties are calculated from the collision integrals using either the full
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Chapman Enskog formulation or through mixing rules [13, 14, 20, 21, 22]. This
is used as the “standard”collision integrals to which, the DSMC collision inte-
grals are compared. While the NASA’s species transport data set is comprised of
experimental and theoretical results, a significant portion of it, is obtained from
ab initio calculations from the intermolecular potentials, whose parameters are
obtained from fits to extensive experimental measurements. This section briefly
outlines the general procedure for obtaining the collision integrals from various
methods.
In the ab initio calculations, an intermolecular potential is used to characterize
the interaction process between the particles, during collisions. This is represen-
tative of the force acting between the particles and are expressed as a function of
the intermolecular distance. Commonly used intermolecular potential functions
for describing the interactions in a dilute gas, include the Tang-Toennies, Born-
Mayer, Lennard-Jones and shielded Coulomb potentials, functional forms [23, 24]
of which, are given below:
Tang − Toennies φ(r) = φ0exp(−r/β)−
∞∑
n=2
[
1− exp (−r/β)
2n∑
k=0
(r/β)k
k!
]
C2n
r2n
(3.1)
Born−Mayer φ(r) = φ0exp(−αr) (3.2)
Lennard− Jones φ(r) = φ0
C
[(σ
r
)12
−
(σ
r
)6]
(3.3)
shielded Coulomb φ(r) = ±
[
q2
r
]
exp(−r/λD) (3.4)
The different potentials are used to describe the various types of collision in-
teractions found in weakly-ionized gases (a detailed discussion is presented in the
next section). The free parameters (φ0,β,C,α,σ,λD) in each of the potentials is
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uniquely obtained for different species interaction from fits to experimental data
or from theoretical (quantum mechanical) calculations. Once the intermolecular
potential is described, the scattering angle χ is evaluated as a function of the
impact parameter b [25] by
χ(b, g) = pi − 2b
∫ ∞
rc
[
1− b
2
r2
− φ(r)
kbTg2
]−1/2
dr
r2
(3.5)
This scattering angle χ can then be used to obtain the collision cross-section
and the collision integrals from Eqns. 2.72, 2.76 and 2.77.
Alternatively, if accurate molecular beam scattering experimental data is avail-
able for the DCS, this can be integrated to obtain the collision cross-section and
collision integrals using Eqns. 2.76 and 2.77.
3.2 Collisional Interactions in Weakly-Ionized Gas
Mixtures
Weakly-ionized gases, which is the object of study in this work, involves six pos-
sible types of interactions including neutral-neutral, neutral-ion, neutral-electron,
ion-ion, ion-electron and electron-electron interactions. For the range of temper-
atures considered here, the neutral-neutral interactions are assumed to be purely
repulsive and the post-collision scattering is weakly anisotropic. This type of in-
teraction is dominant at temperatures below 7000 K and drastically reduces at
higher temperatures due to the onset of ionization.
The neutral-ion interactions are similar to the neutral-neutral interactions, how-
ever, the details of the collision and scattering are modified since a charged particle
is involved. The charged ion causes a shift in the electron cloud of the neutral
molecule, thus causing it to polarize. For polar gases, in addition to this polar-
ization process, the direct interaction of the permanent dipoles also affects the
collision process. The extent of influence of these polarization forces on the total
interaction depends on the relative polarizability of the neutral particle. A first or-
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Figure 3.1: Direct and charge exchange interactions for like species ion-neutral
collisions.
der approximation of the polarization forces and potential can be obtained by con-
sidering a classic charge-induced dipole interaction [12], termed as the Langevin
potential. This type of interaction is dominant at temperatures ranging from
7000-12,000 K, where there is comparable composition of both neutral species
and ions.
In addition, in this regime, charge transfer reactions (resonant and non-resonant)
become important. During the interaction of two like-species (neutral species and
its corresponding ion e.g., N/N+), there are two outcomes possible. Direct in-
teraction (Fig. 3.1(a)) represents an elastic collision, where only the trajectories
of particles are affected due to the collision, without change in the electronic
structure. For all elastic interactions (all unlike-species and some like-species col-
lisions), there is a high preferential forward scattering tendency, and the particles
continue almost on the same trajectory as before the collision with very little mo-
mentum transfer, greatly modifying the transport properties in a weakly-ionized
plasma compared to a neutral gas. Another possibility during the collision be-
tween like-species is the transfer of an electron from the neutral particle to the
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ion. These interactions still tend to be highly forward scattering, but due to
the electron transfer, the pair appear to scatter backwards (Fig. 3.1(b)). Such a
collision results in an increase in the momentum transfer cross-section and diffu-
sion collision integral Ω1(1), while the viscosity collision integral Ω2(2) remains
unaffected. In the computation of the standard collision integrals, this increase
in Ω1(1) of the like-species interactions due to the charge exchange mechanism is
taken into account by the use of the following mixing rule [18]:
Ω1(1)total =
√
[Ω1(1)c−ex]
2 + [Ω1(1)elastic]
2 (3.6)
The neutral-electron interactions involve a collision between a heavy neutral
and a light charged particle and are characterized by complex processes involving
a range of quantum mechanical phenomena. The elastic interactions in these
types of collisions are also characterized by the polarization process. However,
this effet is prominent only at low relative velocities, where the neutral particle is
polarized by the negatively charged electron, resulting in the displacement of the
electron cloud away from the approaching electron. This leads to an attractive
force between the electron and neutral particle. At high relative velocities, the
collision time is much shorter and is not sufficient for the electrons to polarize the
neutral particle. The electronic structure (specifically the potential field of the
outer electrons) and the polarizability of the neutral particle is a major factor in
determining the effect of polarization [12]. These interactions are also dominant
in the temperature range of 7000-12,000 K.
The collision between two charged particles include ion-ion, ion-electron and
electron-electron interactions. Due to the presence of charge in the colliding par-
ticles, the collision is mainly characterized by a Coulombic type of interaction.
Thus, the same type of interactions can be used to describe the collision between
different species. The Coulombic forces are long-ranged, however, due to the at-
traction between the opposite charges in an electrically neutral plasma, they tend
to form a “shield”. The plasma appears to be quasi-neutral outside of this re-
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gion and the effective interaction between the particles is thus restricted by this
shielding effect. Irrespective of the specific collision pair, these interactions are
represented using a shielded Coulomb potential [26]:
φ(r) = ±
[
e2
r
]
exp(−r/λD) (3.7)
In Eqn. 3.7, e is the fundamental charge of the electron and +/- corresponds to
the attractive (ion-electron) or repulsive potential (ion-ion and electron-electron),
respectively. r is the distance between the particles and λD is the Debye shielding
length. This is the characteristic length associated with this shielding effect will
depend on the density of charged particles present in the plasma (i.e., the electron
number density ne) and is defined as follows:
λD =
√
kbT
4pinee2
(3.8)
With increasing electron number density, the Debye length progressively de-
creases implying a greater shielding effect. Thus, at higher values of ne, the
effective range of these intermolecular forces are shortened. The resulting colli-
sion integrals for the attractive and repulsive potentials have been published by
Mason et al. [26], which can be fit to the expression of the form [27]:
Ω∗n(n) = 5× 1015
(
λD
T ∗
)2
ln{DnT ∗[1− Cnexp(−cnT ∗)] + 1} (3.9)
In Eqn. 3.9, T ∗ is defined as the reduced temperature and is a function of both
the temperature and electron number density.
T ∗ =
λD
e2/kbT
(3.10)
The coefficients Dn, Cn and cn, employed in Eqn. 3.9 are presented in Table 3.1
for the attractive and repulsive potential [27]. These interactions are dominant at
high temperature ranges, above 12,000 K, where most of the gas mixture has been
ionized. Note that the collision integrals for the charged-charged interactions are
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Table 3.1: Curve-fit coefficients for collision integrals of charged-charged interac-
tions from shielded Coulomb potential (in CGS units).
Attractive Potential Repulsive Potential
Collision integral (A˚2) Cn cn Dn Cn cn Dn
Ω∗1(1) -0.476 0.0313 0.784 0.138 0.0106 0.765
Ω∗2(2) -0.146 0.0377 1.262 0.157 0.0274 1.235
not just a function of temperature, but also a function of the electron number
density. A constant value of the DSMC parameters was sufficient to capture the
variation of the collision integrals with temperature, but require an additional
electron number density dependence to account for the variation of the collision
integrals with the electron number density.
3.3 Transports Coefficient of Air at Equilibrium
Before presenting the calibration procedure and best-fit DSMC parameters,
the equilibrium composition of the eleven-species air mixture computed using the
standard collision integrals is presented for a temperature range of 1000-20,000 K
at a pressure of 2300 Pa. In addition, the transport coefficients were also computed
using the MUTATION library [28] and were found to match within 0.001%. At
temperatures below 5000 K, all the charged particle concentrations are negligible.
Even in the case of NO, having the lowest ionization energy (around 9 eV), the
ion to neutral particles ratio is on the order of 10−4 (Fig. 3.2(b)). Hence,at
temperatures below 5000 K, even in highly non-equilibrium conditions, the air can
be accurately modeled using a five-species neutral mixture. This is the primary
motivation for the consideration of five-species neutral air mixture separately, in
addition, to the eleven-species ionized air mixture.
Characteristic temperatures involving dissociation and ionization are associated
with noticeable changes in the composition (Fig. 3.2). At around 2800 K, we ob-
serve a sudden decrease in molecular oxygen concentration and a corresponding
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Figure 3.2: Equilibrium composition of eleven-species ionized air mixture for tem-
peratures of 1000-20,000 K at 2300 Pa. (a) Equilibrium composition of neutral
species by mole fraction χi as a function of temperature. (b) Equilibrium compo-
sition of ionized species by mole fraction χi as a function of temperature.
increase in the atomic oxygen. This represents the dissociation process of molec-
ular oxygen. A similar trend denoting the dissociation of nitrogen is observed at
5500 K. Ionization becomes significant above 7000 K, where we begin to observe
considerable concentrations of atomic nitrogen and oxygen ions and electrons.
Following this temperature, there is a steady increase in the compositions of elec-
trons and ions, and a gradual decrease in atomic oxygen and nitrogen. Above
8000 K, the air primarily consists of only atoms, and all molecules, ionized and
neutral, are merely present as trace species.
The transport properties of viscosity, thermal conductivity and diffusion coeffi-
cients, are calculated from the first-order approximation of the Chapman-Enskog
theory [6] (Eqn. 2.56, 2.62 and 2.67) using the ab initio based collision integrals
from LAURA and DPLR and plotted as a function of temperature in Fig. 3.3.
The viscosity (Fig. 3.3(a)) and heavy particle thermal conductivity (Fig. 3.3(b))
increase monotonically with temperature up to 8000 K. At temperatures above
8000 K, these quantities decrease rapidly due to the onset of ionization. This is
attributed to the much higher values of the charged-charged collision integrals.
From a physical point of view, as the temperature increases, the particles have
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Figure 3.3: Equilibrium transport properties of eleven-species ionized air mixture
for temperatures of 1000-20,000 K at 2300 Pa. (a) Viscosity coefficient for gas
mixture as a function of temperature. (b) Translational (heavy, electronic, and
total), rotational, and vibrational thermal conductivity coefficients for gas mix-
ture as a function of temperature. (c) Effective diffusion coefficients of neutral
particles as a function of temperature. (d) Effective diffusion coefficients of ions
as a function of temperature. (e) Effective diffusion coefficients of electrons as a
function of temperature.
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higher velocities and travel farther distances between collisions resulting in in-
creased transport of momentum and energy. However, at high temperatures, due
to the ionization process, the range of the intermolecular forces increases many
folds resulting in increased collisions. The energy and momentum of the particles
cannot be transported over great distances, thus leading to a decrease in viscos-
ity and heavy particle thermal conductivity. Thermal conductivity of electrons
continually increase with temperature (Fig. 3.3(b)). Though the electrons have
much higher velocities than the heavy ions and neutral particles, its negligible
mass results in insignificant contribution towards momentum transfer (thereby
viscosity). However, the kinetic energy of the electrons are on the same order of
magnitude as that of the heavy particles, and therefore, has a huge impact on the
transport of energy (thermal conductivity) in the mixture. The vibrational and
rotational component of thermal conductivity (Fig. 3.3(b)) show a decrease at
around 3000 K, resulting from the dissociation of O2. The values fall off dramat-
ically after 5500 K, resulting from the dissociation of N2 and become completely
negligible after 8000 K.
The diffusion coefficients of the neutral species (Fig. 3.3(c)) show an increasing
trend for range of temperatures considered. This is due to the decreasing value of
the diffusion collision integrals with temperature. In the case of N, the diffusion
coefficients increase upto 7500 K, which marks the beginning of significant levels
of ionization of atomic nitrogen and continues to decrease till 12,000 K. In this
temperature range, there is a substantial increase in the composition of N+, lead-
ing to a greater probability of N− N+ collisions. The significantly higher value
of the N− N+ diffusion collision integral (as a result of the charge exchange pro-
cess) causes a decrease in the diffusion coefficient of N, even though the diffusion
collision integrals show a decreasing trend with temperature. After this tempera-
ture, the rate of the ionization process becomes extremely low (i.e., most of the N
atoms have been ionized and the ionization process is almost complete) and the
diffusion coefficients continue their general trend of increasing with temperature.
The diffusion coefficients for all the ions (Fig. 3.3(d)) and electron (Fig. 3.3(e)),
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show a similar trend. The values are found to increase upto temperatures of 6500-
7000 K, until significant levels of ionization occur. Above these temperatures,
the values fall rapidly, owing to the increased value of collision integrals for the
charged-charged interactions [29]. This trend reverses around 12,000 K, due to
the screening effect resulting from the surge in electron composition. In the case
of N+, the diffusion coefficient values decrease with temperature from 5000 K to
6500 K, due to the substantial increase in the composition of N in this range (due
to the dissociation of N2 molecule). The diffusion coefficient values are then found
to increase from this temperature to 10,500 K. The reason for this is two-fold.
First is due to the decrease in the diffusion collision integrals with temperature.
The other reason is the decrease in concentration N (the corresponding neutral
particle), through ionization. Similar to the case of other ions, the increased
density of charged particles in the system lead to a decrease in the diffusion
coefficient for a certain range of temperature upto 14,000 K. And once the rate of
ionization process becomes negligible, the diffusion coefficients values again begin
to increase with temperature.
The deviation from the general trend for the diffusion coefficients is observed
in the case of N and N+ due to the effect of composition in calculation of the
SCEBD coefficients. The inherent difference in the physics of the various types of
collisional interactions significantly affects the transport coefficients for a weakly-
ionized gas mixture. Thus, a collision model, which can accurately describe the
various collisional interactions is absolutely necessary for predicting physically
accurate transport coefficient values.
The difference in the values and temperature variation of the transport prop-
erties presented here and those from Murphy [18] and Captelli et al. [30] is
attributed to the change in the pressure. The transport properties in both the
references are calculated at standard atmospheric pressure. Since the objective
of this work is to provide parameter values for a DSMC solver, which is typi-
cally used for simulation of gas flows in transition and rarefied regimes, such high
pressures are not considered. The calculations in this work are performed at a
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pressure of 2300 Pa, which is characteristic of high Mach number reentry flows at
great altitudes. Even though the transport properties do not depend on pressure
directly, the influence of the pressure occurs through the composition. While the
pressure does not appreciably affect the dissociation reaction, it has a significant
influence on the recombination. The rate of recombination reaction decreases
with decreasing pressure. The ionization reactions are influenced by the pressure
in the same manner. Thus, a mixture at lower pressure ranges, both dissociation
and ionization occur at relatively lower temperatures. This is the reason why the
peak for the viscosity and translational thermal conductivity of heavy particles
(caused by ionization) is observed at around 8000 K, instead of 10,000 K, as seen
in Murphy [18] and Captelli et al. [30].
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Chapter 4
Treatment of Transport Properties in DSMC
In this chapter, the collision integrals from DSMC are expressed in terms of
the collision model parameters, which can then be quantitatively compared with
the standard values to obtain the calibrated parameters. First, an overview of
the DSMC simulation procedure is presented. Next, the commonly used collision
models in DSMC are described with a special emphasis on the physical and math-
ematical significance of the various model parameters. The analytical expression
of the collision integrals in terms of the DSMC parameters are then derived for
each model. Finally, a brief review of the previous approaches employed in the
literature, to obtain the calibrated values for the collision model parameters is
presented and the considerations of the current work is described.
4.1 Direct Simulation Monte Carlo (DSMC)
The direct simulation Monte Carlo (DSMC) is a probabilistic particle-based
method, that was pioneered by Graeme Bird in early 1960s. It is a widely used
technique to solve a variety of dilute gas flows where the continuum description
is not valid (both due to high non-equilibrium and extremely rarefied flows). The
DSMC method inherently solves the Boltzmann equation by simulating the mo-
tion and collisions of particles in the domain. In DSMC, each simulated particle
represents a huge number of real particles, which makes such a molecular level
description computationally tractable. An important fundamental characteristic
of the DSMC method is the uncoupling of the collisions and the motion of the
particles. Thus, the DSMC simulation is carried out in a two-step process. First,
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the particles are allowed to move in straight line trajectories based on their veloc-
ities (inherent assumption of dilute gas), without interactions as in a collision less
flow for one time step. Then, at the end of each time step, the collision process
is carried out by randomly selecting the particles within each computational cells
for collisions, in accordance with the collision frequency in a real system. This
introduces a constraint on the time-step, which has to be lower than the mean
collision time between the particles in a real system. In addition, the distance
between the particles in each cell is not taken into account in calculating the
probability of the collisions. Thus, this institutes a limit on the size of the grid
cells, which then has to be a fraction of the mean free path of the molecules at
each location in the domain.
For all collision involving molecules, it is first, probabilistically determined
whether the molecule will undergo internal energy exchange based on the re-
laxation rates. If a collision is regarded as inelastic, then the internal energies
are redistributed according to the Larsen Borgnakke model [31]. The final post-
collisional velocities in the case of both elastic and inelastic collisions is determined
by the phenomenological collision model that is employed. This is another char-
acteristic of DSMC, which is discussed in more detail in the subsequent sections.
This two-step process is repeated until a converged steady state solution is
obtained. The macroscopic properties are then determined at each cell based on
the distribution of the particles present in the cell. Since the simulation particles
are weighted and many of the processes are accounted for probabilistically, rather
than in a deterministic manner, this introduces a statistical noise into the solution.
Thus, the properties are typically averaged over many time steps to reduce the
statistical fluctuations.
The treatment of transport properties in DSMC simulations are very different
from the continuum CFD description, as the former entails a Lagrangian descrip-
tion, and the latter is based on the Eulerian description of the flow. While the
transport properties in CFD are specified, in DSMC, they are obtained as a re-
sult of the transport of mass, momentum and energy through the domain by the
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simulated particles. The transfer of these properties between the particles is dic-
tated by the binary collisional interactions. The details of the collision processes,
and therefore, the transport properties are determined by the phenomenological
collision cross-section models employed in DSMC. Thus, a physically consistent
collision model is absolutely necessary to obtain high fidelity, realistic solutions of
the flow field.
4.2 Collision Models in DSMC
The collision models typically employed in DSMC for the description of the
binary interaction process does not include the same level of detail as that of the
intermolecular potential (described in Chapter 3). They are usually phenomeno-
logical (simple, but unrealistic) in nature to reproduce the physical observations
of the transport properties and to make the computations more tractable. These
models typically involve the representation of particles as spheres, whose prop-
erties can be expressed as a function of the free variables in a collision by the
use of collision model parameters. A variety of collision models are available in
DSMC, the most widely used ones are the Variable Hard Sphere (VHS) and the
Variable Soft Sphere (VSS) models. The description of the interaction process
and the manner in which the post-collisional velocities are obtained by these col-
lision models is outlined below. A description of the Hard Sphere (HS) collision
model, upon which, the VHS and VSS models are based, is also included to serve
as an introduction. Although these models are phenomenological in nature, the
cross-sections obtained from these models, can be used to compute the collision in-
tegrals expressed in terms of the DSMC collision model parameters, thus providing
consistent means for quantification and comparison of the transport coefficients
computed from DSMC and the standard collision integrals.
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Figure 4.1: Collision geometry of hard sphere molecules [1].
4.2.1 Hard Sphere (HS) Model
The HS model is the most simplified model for a particle (molecule or atom),
where they are treated as spheres of fixed diameter dref . Thus, there is no in-
teraction between the particles when the distance between the centers is higher
than dref and a collision occurs when the distance between their centers become
equal to this value (shown in Fig. 4.1). In terms of intermolecular potential, this
describes a system, where there is zero potential above a threshold distance and
an infinite repulsion below this value. From Fig. 4.1, the impact parameter can
be expressed in terms of dref as
b = drefsin(θA) = drefcos(χ/2) (4.1)
In the HS model, there is no functional dependence on both relative velocity
g and scattering angle χ. Physically, this translates to an interaction process
that is independent of the speed with which the particles approach each other.
The collision cross-section and the collision integrals for this model can then be
evaluated using the procedure outlined in Section 2.3 to get
σT = pid
2
ref (4.2)
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Ω1ij(1)
∣∣∣
HS
= pid2ref
(
kbT
2pim∗ij
)1/2
(4.3)
Ω2ij(2)
∣∣∣
HS
= 2pid2ref
(
kbT
2pim∗ij
)1/2
(4.4)
Bij
∣∣∣
HS
=
3
5
(4.5)
In this model, the collision integrals are proportional to T 1/2, which leads to
unrealistic temperature variations for the transport coefficients. In addition,this
value is also fixed for all types of interactions, which is again physically inaccurate.
The VHS model, an improvement from the HS model was developed to address
this issue.
4.2.2 Variable Hard Sphere (VHS) Model
In the VHS model, the particles are approximated as a hard sphere of diameter
d, which is a function of the relative speed of the collision g [1]:
d = dref
(
gref
g
)(ω−1/2)
(4.6)
The quantities dref and gref are the reference values defined at a particular
reference temperature Tref ; and ω is the temperature exponent that dictates the
variation of the particle diameter with relative velocity and effectively temperature
(which is a description of the velocity distribution). In the VHS model, there is
no functional dependence on the scattering angle χ, i.e., the scattering is assumed
to be isotropic. In the context of DSMC simulations, this means that the post-
collisional velocities are equally likely to be oriented in any direction.
The collision cross-section, collision integrals and the ratio of collision integrals
can be expressed in terms of the VHS parameters as follows:
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σT = pid
2 = pid2ref
(
gref
g
)2(ω−1/2)
(4.7)
Ω1ij(1)
∣∣∣
V HS
=
pi
2
d2ref
(
kbT
2pim∗ij
)1/2(
Tref
T
)ω−1/2 [
Γ(7/2− ω)
Γ(5/2− ω)
]
(4.8)
Ω2ij(2)
∣∣∣
V HS
=
pi
3
d2ref
(
kbT
2pim∗ij
)1/2(
Tref
T
)ω−1/2 [
Γ(9/2− ω)
Γ(5/2− ω)
]
(4.9)
Bij
∣∣∣
V HS
=
5Γ(9/2− ω)− Γ(11/2− ω)
5Γ(7/2− ω) (4.10)
In Eqns. 4.8-4.10, Γ(x) is the gamma function. The VHS model prescribes
two parameters, the reference diameter dref and the temperature exponent ω.
From a purely mathematical point of view, the reference diameter determines the
magnitude of the collision integrals Ω1ij(1) and Ω
2
ij(2), while the temperature ex-
ponent dictates the variation of the collision integrals with temperature and to
some extent the magnitude according to Eqns. 4.8 and 4.9. An ω value of 0.5
produces the Hard Sphere model and a value of 1.0 corresponds to the Maxwell
soft molecule. These are the generally accepted limits for the temperature expo-
nent ω of a neutral species. With the inclusion of ω parameter, in addition to
dref , this model allows for the flexibility in temperature variation of the collision
integrals and thereby the transport coefficients. However, still the ratio of the
collision integrals Ω2ij(2)/Ω
1
ij(1) is fixed (once ω is evaluated based on the realis-
tic temperature variation). This physically means that the ratio of the different
transport coefficients (for a simple gas) is predetermined and is constant for all
species.
4.2.3 Variable Soft Sphere (VSS) Model
In the VSS model, introduced by Koura and Matsumoto [32, 33], the particles
are approximated as a hard sphere of diameter d, which is a function of the relative
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speed of the collision, similar to the VHS model. However, the scattering is not
assumed to be isotropic, but can vary according to
b = d cosα(χ/2) (4.11)
In Eqn. 4.11, α is known as the scattering exponent that establishes anisotropic
scattering in the center-of-mass frame of reference. This additional parameter
allows the VSS model to provide consistent results for both diffusion and viscosity
cross-section in comparison with the inverse power law potential [32]. A value of
α = 1 implies isotropic scattering and we obtain the VHS model (Eqn. 4.11). In
the context of the DSMC simulations, the parameter α introduces a preferential
scattering direction (either forward or backward) for the collisions. Thus, the
post-collisional velocities are more likely to be oriented within a certain range
of χ determined by this scattering exponent α. In order to better understand
the relation between the orientation of the scattering angle and the scattering
exponent, an effective χ
V SS
is defined as follows
χ
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Figure 4.2: Variation of χ
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with χ for different values of α.
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cos(χ
V SS
) = cosα(χ) (4.12)
Fig. 4.2 shows the variation of the χ
V SS
with χ for different values of α. A value
of α = 1 corresponds to a straight line, i.e., there is equal probability of choosing
any angle, which corresponds to the VHS model. When the value of α is less
than unity, there is higher probability of choosing smaller values of angles. This
implies a forward scattering tendency of the molecules post-collision. For values
of α greater than unity, larger values of angles are more likely, thus signifying a
backward scattering tendency.
The total collision cross-section for the VSS model remains unchanged compared
to that of the VHS model, but the momentum and diffusion cross-section, however,
are dissimilar. The collision integrals are expressed according to the VSS collision
model gives
Ω1ij(1)
∣∣∣
V SS
=
(
2
α + 1
)
Ω1ij(1)
∣∣∣
V HS
(4.13)
Ω2ij(2)
∣∣∣
V SS
=
[
6α
(α + 1)(α + 2)
]
Ω2ij(2)
∣∣∣
V HS
(4.14)
The ratio of collision integrals Bij
∣∣
V SS
for the VSS collision model is identical
to the expression for Bij
∣∣
V HS
given in Eqn. 4.10. The VSS model prescribes an
additional parameter, the scattering exponent α, which provides the flexibility in
determining the ratio of the collision integrals Ω2ij(2)/Ω
1
ij(1), and different values
can be specified for each species.
4.3 Pairing Approach
The collision model parameters are input quantities that may be specified for
each species, or for each collision pair. In the case where the parameter values
are specified only for each species, the parameter values for the colliding pair is
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taken as average value of two species (e.g., ωij =
1
2
(ωi+ωj)). This is referred to as
collision-averaged pairing. If the parameters are specified for each specific colli-
sion pair, then it is referred to as collision-specific pairing. The collision-averaged
pairing is the approach that is being widely used in the DSMC community at
present. It is a direct result of the phenomenological models, which are used to
represent the collisions in DSMC. However, in reality, the collisions are compli-
cated processes, involving a range of repulsive and attractive forces caused by the
interaction of the electron clouds and fundamental charges inside the molecules.
This will inherently depend upon the nature and structure of the two colliding
molecules and will be specific to each interaction. This fact must be taken into
account in order to obtain a physically accurate and realistic representation of the
collision process.
4.4 Previous Work and Considerations of Current Work
Several approaches have been introduced in the past to determine the appropri-
ate DSMC collision model parameters calibrated for capturing physical transport
and chemical processes. Holman [34] provided a recommended set of temperature
exponent parameters for a five-species neutral air mixture, while having a fixed
value of 4.17A˚ for the reference diameter. Collision-specific pairing approach was
employed to obtain the appropriate temperature dependence of viscosity based
on fits to the viscosity collision integral. The study used only the VHS model
for describing the gas mixture and did not include the reference diameter in the
calibration process. Farbar [35] presented DSMC parameters for the neutral-
electron collisions based on fits of VHS cross-sections to available experimental
total cross-sections. A piece-wise cross-section model (as a function of energy) was
introduced to capture resonance features, and recommended values for reference
cross-sections and temperature exponents were provided. Strand and Goldstein
[36] used a Markov Chain Monte Carlo algorithm to calibrate the distribution of
the hard sphere diameter, VHS reference diameter and temperature exponent of
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argon by comparison to shock tube experiments. Stephani et al. [4] introduced a
fitting procedure in which, both VHS and VSS model parameters were calibrated
for transport processes in a five-species neutral air mixture. The calibration pro-
cedure was carried out using transport coefficients and collision integrals as the
fitting metric and both collision-averaged and collision-specific pairing approaches
were examined. The VSS model with collision-specific pairing was concluded to
provide the most accurate description for the transport coefficients of diffusion,
viscosity and thermal conductivities. The VHS model was found to be inadequate
for capturing diffusion processes; and attempts to capture the diffusion mecha-
nisms through VHS parameter calibration could only be made at the expense of
accuracy in the viscosity and thermal conductivity. Weaver and Alexeenko [37]
have recently presented revised VSS and Lennard-Jones model parameters for use
in DSMC at low temperature ranges, where both attractive and repulsive forces
are important.
This work aims to provide a recommended set of DSMC collision model pa-
rameters for ionized gas mixtures based on calibrations against NASA’s collision
integral data. While it is noted that the transport coefficients can be readily com-
puted from the DSMC collision integrals and employed as the fitting metric for
the calibration, the calculation of the transport coefficients require information
regarding the composition of the mixture, which can vary depending upon the
system and flow process under consideration. The collision integrals, however, are
not dependent on the composition and are functions of temperature only. Thus, a
direct comparison between the collision integrals from the DSMC parameters and
the standard collision integrals provides a robust and systematic way of calibrating
the DSMC model parameters for all flow scenarios, regardless of the composition.
First, the focus of this work is directed towards an eleven-species ionized air mix-
ture (N2,O2,NO,N,O N
+
2 ,O
+
2 ,NO
+,N+,O+, e−), requiring the consideration of a
broad set of collision interactions, including neutral-neutral, neutral-ion, ion-ion
and charged-charged interactions. However, at temperatures below 5000 K, the
air mixture can be accurately modeled using a five-species neutral air mixture
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(N2,O2,NO,N,O) (Fig. 3.2). In efforts to provide the best fit in the calibrated
DSMC parameters, both neutral (1000-5000 K) and ionized (1000-20,000 K) air
mixtures are investigated and a set of best-fit parameters are recommended each
of the temperature ranges for both the VHS and VSS collision models. In ad-
dition, both collision-averaged and collision-specific pairing approaches are also
considered for each collision model. These efforts extend the previous efforts of
Stephani et al. [4] by conducting the calibration procedure for ionized gas mix-
tures. This technique is then extended to compute the calibrated collision model
parameters for other weakly-ionized gas systems of interest.
53
Chapter 5
Calibration of DSMC Collision Model Parameters
In this chapter, the actual calibration of the collision model parameters is
performed using the expressions for the DSMC collision integrals from Chap-
ter 4. The calibration procedure employs the Nelder-Mead algorithm to obtain
the best-fit DSMC collision model parameters and is outlined in Section 5.2. The
fitting procedure is then used to calibrate the DSMC parameters for the VHS/VSS
models using both the collision-averaged and collision-specific pairing approaches.
There is a dual-purpose behind this extensive calibration using all the methods.
First, the level of consistency attainable by each (collision-averaged and collision-
specific) pairing approach is examined. Secondly, the ability of the collision mod-
els (VHS/VSS) to capture the physics behind the various collisional processes,
present in a weakly-ionized gas mixture, is assessed. Since the physics behind
each type of collision in an ionized gas mixture is fundamentally different, the
fitting procedure to obtain the DSMC parameters is carried out separately for
each type of collisional interaction. The transport coefficients computed using the
recommended parameter values are then compared to the transport coefficients
calculated from the standard collision integrals in the entire temperature range at
equilibrium composition, as well as several degrees of chemical non-equilibrium.
Finally, this calibration process is extended to various important gas systems and
an extensive set of calibrated collision model parameters is presented.
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5.1 Comparison of DSMC Collision Integrals with
“Standard”Values
As outlined in Section 4.2, the DSMC collision integrals, which are now ex-
pressed in terms of the collision model parameters in an explicit, analytical fashion,
can be quantitatively compared with the standard values. Such a comparison will
yield the values for the collision model parameters that will be physically accurate
and are guaranteed to provide consistent transport properties.
The standard collision integrals are provided for each unique collision pair. In
addition, these collision integrals are expressed in the dimensionless form [13],
and a curve-fit is employed to obtain them as a function of temperature. To be
consistent, the dimensionless collision integrals are used as the fitting metric to
determine the DSMC parameters in the present work.
piΩ∗lij(r) =
(
2pim∗ij
kbT
)1/2
Ωlij (r)
(r+1)!
2
[
1− 1+(−1)l
2(1+l)
] (5.1)
B∗ij =
5Ω∗1ij (2)− 4Ω∗1ij (3)
Ω∗1ij (1)
(5.2)
5.2 Generation of the Best-Fit DSMC Parameters
The VHS model involves two parameters , the reference diameter dref and
the temperature exponent ω. The VSS model employs an additional parameter,
the scattering exponent α. As an improvement to the work of Stephani et al.
[4] no restrictions are placed on values of dref and ω in the VSS model based
on the VHS values. In fact, no constraints are placed on any of the parameters
except that dref must be a positive quantity; this guarantees the algorithm finds
the best-fit parameters through a search over the entire parameter space. The
reference temperature was fixed at a constant value of 273 K. The selection of
reference temperature is outlined in more detail in Appendix A. This value of
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273 K was chosen to be consistent with Bird [1] and to enable direct comparison
between the DSMC parameters.
The collision-specific pairing approach prescribes the parameters for each spe-
cific collision pair. Considering a n species mixture, there will be a total of
n(n + 1)/2 possible binary collision pairs. Thus, for a VHS model, the fitting
process is constructed using 2n parameters for the collision-averaged pairing and
n(n + 1) parameters in the case of collision-specific pairing approach. For the
VSS model, the fitting process is carried out with 3n parameters for the collision-
averaged pairing and 3n(n+1)/2 parameters in the case of collision-specific pairing
approach.
At the beginning of the fitting procedure, initial values are provided for the
VHS and VSS parameters. The dimensionless collision integrals and the ratio of
collision integrals are computed using these values and are stored in vector form.
A second vector is then constructed using the standard values of dimensionless
collision integrals. The error (or distance) between these two vectors is minimized
by the Nelder-Mead simplex algorithm [38, 39] by varying the DSMC parameters.
The error considered in this present work is the root mean square error computed
by first normalizing both the vectors with the standard collision integral values.
The Nelder Mead algorithm is a iterative direct search algorithm, which mini-
mizes (or maximizes) an objective function in a many-dimensional space. For the
current problem, the error between the two collision integral vector is the objec-
tive function, which needs to be minimized in the DSMC parameter space. The
error between the collision integrals is first computed for the initial (prescribed)
parameter values. The simplex algorithm then introduces a small perturbation in
the parameter space and recomputes the error. If the perturbation results in a
lower value of error, the algorithm extends the search in the same direction. If the
resulting error was larger, then the algorithm proceeds in the opposite direction.
This iterative process is repeated until the necessary convergence is achieved. In
this work, a fractional convergence criteria of 10−6 was used. For this fitting
problem, it is necessary to use a direct search algorithm instead of a gradient or
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Hessian based approaches, owing to the fact that there is no explicit functional
form for the error (objective function to be minimized).
In the collision-specific pairing approach, the collision integrals are computed
from DSMC parameters specified for each distinct collision pair. This allows for
the fitting procedure to be constructed independently for each binary interaction
(resulting in 15 individual fits in the five-species air mixture, for example), instead
of performing the fit for all 15 pairs simultaneously, as outlined in Stephani et al.
[4]. This drastically reduces the parameter space of each fitting problem, and
allows for extremely rapid convergence compared to the previous approach [4]. In
order to verify the validity of this method, the fitting process for the five-species
air mixture, was performed independently for each collision pair and compared
with the previous approach. The final best-fit parameters obtained using both
approaches were in agreement up to three significant figures. This is outlined in
more detail in Appendix B. Hence,in the rest of the work, the collision-specific
fitting process is carried out independently for each of the binary interaction pairs.
The convergence history and sensitivity analysis of the best-fit parameters to the
initial values is presented for an example case in Appendix C.
5.3 Neutral-Air Mixtures
5.3.1 Collision-Averaged Pairing Approach
First, the fitting process is performed for the five-species neutral air mixture
containing (N2,O2,NO,N,O) for the VHS/VSS model using the collision-averaged
pairing approach. A total of five reference diameters dref , five temperature expo-
nent ω and in the case of VSS model, five scattering exponent α were considered in
the variable parameter space in the fitting procedure. Fig. 5.1 presents the results
obtained from the fitting of collision integrals for N2 − N2 collision pair. This
is a representative case of the general behavior observed in fitting the collision
integrals of the fifteen binary interactions. The standard values of the collision
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Figure 5.1: Comparison of collision integral Ω∗1(1)(a) and Ω∗2(2)(c) for the rep-
resentative case of N2 − N2 collision pair computed using VHS/VSS models with
collision-averaged pairing approach with the standard values. Percent error of the
collision-averaged fitted VHS and VSS values for collision integrals Ω∗1(1)(b) and
Ω∗2(2)(d) with the standard values.
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integrals is plotted alongside the collision integrals obtained using the best-fit
VHS/VSS parameters for collision-averaged pairing in Fig. 5.1(a) and (c). The
error corresponding to the collision integrals fits are shown in Fig. 5.1(b) and (d).
The error in Ω∗1(1) for the VHS model reaches to a maximum of 10%, but the
error in Ω∗2(2) is around 25%. In comparison, the VSS model shows an error of
around 10% for both Ω∗1(1) and Ω∗2(2). Keep in mind that, in the VHS model
the ratio of Ω∗2(2)/Ω∗1(1) is fixed, so unless the standard collision integrals also
have the same ratio, accurate fits cannot be achieved for both Ω∗1(1) and Ω∗2(2).
On the contrary, in the VSS model, it possible to vary the ratio of Ω∗1(1) and
Ω∗2(2) using the parameter α. The 10% observed error is due to the fact that the
collision model parameters of N2 is dependent upon the collision integrals of each
collision pair containing N2, resultant of the collison-averaged pairing approach.
It needs to be mentioned that in the construction of the fitting process, all the
collision integrals were given equal weightage, with no bias or weighting. It is
true that at low temperature, the frequency of the collisions involving nitrogen
molecules will be much higher (as a result of its high composition Fig. 3.3(a)),
and will have a substantial contribution towards the transport coefficients. Thus,
reducing the errors of this collision pair even at the cost of the other collisions will
help in achieving a better fit for the transport coefficients. But, this case is only
true at low temperatures and for a mixture at or near equilibrium. Such a bias
will be similar to a fitting process using transport coefficients as the metric and
is not explored in this work. Another type of biasing could also be applied when
some transport processes are not relevant. In such a case, the fitting process
can be applied only for the collision integrals used to compute the transport
properties of interest. Such a biasing will still be consistent as long as the transport
coefficients which are neglected, continues to be insignificant at all situations
of interest. In the present work, keeping in mind that the best-fit parameters
are developed for a generic DSMC solver, it is assumed that all three transport
properties (viscosity, thermal conductivity and diffusion) are of interest and no
such biasing is introduced in the fitting procedure. Table 5.1 presents the best-fit
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Table 5.1: Collision-averaged VHS/VSS parameters: five-species neutral air
(1000-5000 K).
VHS dref [A] ω VSS dref [A] ω α
N2 3.273 0.617 N2 3.654 0.663 1.352
O2 3.254 0.645 O2 3.681 0.694 1.422
NO 3.473 0.657 NO 4.027 0.717 1.475
N 3.081 0.711 N 3.605 0.776 1.503
O 2.950 0.723 O 3.413 0.780 1.510
parameter values for the VHS/VSS model with collision-averaged pairing obtained
as a result of the fitting process.
It is important to note that the collision model parameters are calibrated for
the purpose achieving consistency in transport properties, wihtout consideration
of internal energy relaxation and chemical reactions. The use of these parame-
ters along with the Millikan and White formulation for the vibrational collision
number [40] would require the re-evalutation of the constants in the expression,
according to the new value of ω.
5.3.2 Equilibrium Transport Coefficients for Neutral Air Mixture
- Collision-Averaged Pairing
The transport coefficients calculated (Eqns. 2.56-2.71) with the best-fit pa-
rameters of the collision-averaged pairing approach are plotted in Fig. 5.2. The
transport coefficients computed from the standard collision are also plotted in
these figures for comparison. The viscosity(Fig. 5.2(a)) and the thermal conduc-
tivity (Fig. 5.2(c)) comprising of the translational, rotational and vibrational parts
of the mixture is presented as a function of temperature, with the corresponding
errors plotted in Fig. 5.2(b) and (d), respectively. The error in viscosity and trans-
lational thermal conductivity of the VHS model has a maximum value of 22%.
The internal thermal conductivities are approximated in a much better manner
with the errors lying below 6%. The VSS model provided good agreement with
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Figure 5.2: Comparison of transport coefficients, viscosity(a), thermal conductiv-
ities(c) and effective diffusion coefficients(e) calculated using VHS/VSS models
with collision-averaged pairing approach with the transport coefficients computed
from the standard collision integrals. Percent error of the fitted collision-averaged
VHS and VSS values for viscosity(b), thermal conductivities(d) and effective dif-
fusion coefficients(f) with the standard values at equilibrium composition.
61
the standard transport coefficients for both viscosity and thermal conductivity
with the error of around 5%.
The diffusion coefficients of each species computed using the best-fit parameters
and the standard values are presented in Fig. 5.2(e) as a function of tempera-
ture. Again the errors corresponding to the diffusion coefficients are plotted in
Fig. 5.2(f). A maximum error of 20% is observed in the case of VHS model and
reaches around 10% for the VSS model. The VSS model showed a substantial
improvement over the VHS model and consistently provided better fits for all the
transport coefficients. This denotes that the additional parameter α is essential
for obtaining good fits for both the collision integrals simultaneously.
An interesting point to note is that without the application of any constraints,
the parameter values for all the neutral-neutral interactions fall within the well
accepted and physically realistic limits. The temperature exponent ω for all the
cases lie within the value of 0.5, corresponding to the hard sphere model and a
value of 1, corresponding to the Maxwell soft molecule. The scattering exponent
α also lies between the values of 1, the VHS scattering angle and a value of 2, an
accepted upper limit for neutral molecules [1].
5.3.3 Collision-Specific Pairing Approach
For the next set of cases, the fitting process is implemented for VHS/VSS
model using the collision-specific pairing approach for the neutral air mixture. As
mentioned before, the fitting process is carried out independently for each of the
fifteen binary collisional interactions. For each interaction, the best fit is obtained
for two parameters (dref,ij, ωij) in the case of VHS model, and three parameters
(dref,ij, ωij, αij) for the VSS model. Results from the fitting of collisions integrals
for the same case of N2 − N2 collision pair is presented in Fig. 5.3. This graph
again showcases the general trends observed in fitting the collision integrals of
all fifteen binary interactions. Both the standard collision integrals and those
obtained from the best-fit parameters are plotted alongside as a function of tem-
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Figure 5.3: Comparison of collision integral Ω∗1(1)(a) and Ω∗2(2)(c) for the rep-
resentative case of N2 − N2 collision pair computed using VHS/VSS models with
collision-specific pairing approach with the standard values. Percent error of the
collision-specific fitted VHS and VSS values for collision integrals Ω∗1(1)(b) and
Ω∗2(2)(d) with the standard values.
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Table 5.2: Collision-specific VHS/VSS parameters: five-species neutral air (1000-
5000 K).
VHS VSS
dref [A˚] N2 O2 NO N O dref [A˚] N2 O2 NO N O
N2 3.536 3.162 3.637 3.337 2.832 N2 3.944 3.563 4.143 3.853 3.193
O2 3.380 3.459 3.069 3.127 O2 3.806 3.922 3.583 3.643
NO 3.537 3.232 3.060 NO 4.037 3.843 3.562
N 2.967 3.030 N 3.354 3.477
O 3.005 O 3.511
ω N2 O2 NO N O ω N2 O2 NO N O
N2 0.627 0.651 0.673 0.676 0.649 N2 0.672 0.700 0.726 0.733 0.698
O2 0.641 0.653 0.676 0.686 O2 0.689 0.703 0.739 0.747
NO 0.663 0.696 0.673 NO 0.716 0.764 0.734
N 0.688 0.691 N 0.740 0.748
O 0.717 O 0.781
α N2 O2 NO N O α N2 O2 NO N O
N2 N2 1.370 1.397 1.433 1.486 1.400
O2 O2 1.402 1.425 1.511 1.501
NO NO 1.448 1.570 1.501
N N 1.388 1.443
O O 1.492
perature for comparison in Fig. 5.3(a) and (c). The resulting errors of the collision
integral are presented in Fig. 5.3(b) and (d). The error for the VHS model reaches
a maximum of 15% for both Ω∗1(1) and Ω∗2(2). The VSS model however, was
able to provide extremely good fits, matching within 2% of the standard values.
Such excellent matching of the collision integrals was observed for all the fifteen
cases considered for VSS model with the errors consistently staying less than 2%.
Table 5.2 provides the recommended best-fit parameter values for the VHS/VSS
model with a collision-specific pairing approach.
5.3.4 Equilibrium Transport Coefficients for Neutral Air Mixture
- Collision-Specific Pairing
The transport coefficients calculated using the best-fit parameters of the
collision-specific pairing approach and the standard collision integrals are plot-
ted together in Fig. 5.4 for comparison. The mixture viscosity and thermal con-
ductivity, comprising of translational, rotational and vibrational components are
shown in Fig. 5.4(a) and (c), respectively. For viscosity and translational thermal
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Figure 5.4: Comparison of transport coefficients, viscosity(a), thermal conductiv-
ities(c) and effective diffusion coefficients(e) calculated using VHS/VSS models
with collision-specific pairing approach with the transport coefficients computed
from the standard collision integrals. Percent error of the fitted collision-specific
VHS and VSS values for viscosity(b), thermal conductivities(d) and effective dif-
fusion coefficients(f) with the standard values at equilibrium composition.
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conductivity computed by using the best-fit VHS model parameters, the errors
(Fig. 5.4(b) and (d)) have a maximum value of around 17% at low temperatures,
but this significantly reduces as higher temperatures. A contrasting trend is ob-
served in the case of internal thermal conductivities for the VHS model with
the errors initially small at low temperatures, but reach to a maximum value
of around 12% at higher temperatures. A similar behavior is exhibited by the
diffusion coefficients(Fig. 5.4(e)) for the VHS model with the errors(Fig. 5.4(f))
initially having a lower value, but increasing with temperature to around 17%.
This highlights the fact that, both the collision integrals cannot be accurately
represented simultaneously using the VHS model.
The transport coefficients computed from the best-fit VSS model parameters
provide excellent agreement with those computed using the standard collision in-
tegrals, with the error consistently staying less than 2%. This indicates that a
consistent matching of collision integrals will result in a good fit of the trans-
port coefficients, which are of primary interest. Comparison of Fig. 5.2 and 5.4
shows that the VSS model performs consistently better than the VHS model in
fitting both the collision integrals and therefore, the transport coefficients. It is
also observed that the collision-specific pairing approach provides a better quality
of agreement with the standard values in comparison with the collision-averaged
pairing approach. An important observation to note is that, the VSS model with
collision-averaged pairing, having a total of 15 variable parameters produced bet-
ter fits with the standard values compared to the VHS with collision-specific pair-
ing approach, having 30 variable parameters. Thus, using an appropriate model
(VSS) plays a much more significant role in determining the quality of the fits
than just increasing the number of parameters in an insufficient model (VHS).
Increasing the number of parameters (collision-specific pairing) will certainly aid
in obtaining better quality of agreement, as observed in the case of both VHS
and VSS models, but it cannot independently drive the fitting process. Finally,
from a comparison of the collision integrals and transport coefficients, obtained
using the best-fit parameters of all the models and pairing approaches, it can
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be inferred that the VSS model with collision specific pairing approach achieves
the best possible agreement with the standard values and will be most suited for
implementation in the DSMC solver. This highlights the fact that, collisional
interaction between every pair of molecules is unique and needs to be treated in-
dependently for obtaining physically accurate results. In addition, the standard
collision integrals are provided for each distinct collision pair, further emphasiz-
ing the utility of a collision-specific pairing approach. Hence,for the ionized air
mixture, only the collision-specific pairing is considered for both the VHS/VSS
models in obtaining the best-fit parameters. The reason for the inclusion of the
VHS model is two-fold. First is due to its widespread use in the DSMC commu-
nity. The second purpose is make a detailed comparison between the two models
in their ability to capture the physics of the various collision processes, present in
an ionized gas mixture.
5.4 Ionized-Air Mixtures
In this section, the fitting process is used to compute the best-fit VHS and VSS
model parameters for eleven-species ionized air mixture using a collision-specific
pairing approach. It is to be noted that fits for interactions involving charged
particles are limited to temperatures above 5000 K.
5.4.1 Neutral-Neutral Interactions
The temperature range in which the calibration is performed for the neutral-
neutral interaction between the various species is as follows: All interactions in-
volving molecular species are performed from 1000-15,000 K, except for N2-N2,
N2-N, and O2-O, where the upper limit of the temperature is taken as 10,000 K.
The calibration for all the atom-atom interactions are carried out from 1000-
20,000 K. The temperature range is in accordance with the source of the collision
integral data [24, 27, 41, 42, 43, 44, 45, 46].
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Figure 5.5: Comparison of collision integrals Ω∗1(1)(a) and Ω∗2(2)(c) of a neutral-
neutral interaction for the representative case of O−O collision pair computed
using VHS/VSS model, collision-specific (C.S) pairing approach with the standard
values. Percent error of the collision-specific fitted VHS/VSS values for collision
integrals Ω∗1(1)(b) and Ω∗2(2)(d) with the standard values.
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Table 5.3: Collision-specific VHS/VSS parameters for neutral-neutral interactions: eleven-species
ionized air.
VHS VSS
dref [A˚] N2 O2 NO N O dref [A˚] N2 O2 NO N O
N2 3.618 3.225 3.856 3.531 2.884 N2 4.040
a 3.604b 4.391b 4.088a 3.222b
O2 3.469 3.578 3.219 3.230 O2 3.896
b 4.054b 3.721b 3.734a
NO 3.690 3.423 3.205 NO 4.218b 4.028b 4.049b
N 3.278 3.333 N 3.697c 3.936b
O 3.195 O 3.692c
ω N2 O2 NO N O ω N2 O2 NO N O
N2 0.652 0.672 0.721 0.720 0.671 N2 0.686 0.703 0.756 0.762 0.702
O2 0.668 0.685 0.719 0.715 O2 0.700 0.718 0.757 0.760
NO 0.702 0.746 0.715 NO 0.737 0.788 0.752
N 0.760 0.762 N 0.790 0.794
O 0.768 O 0.803
α N2 O2 NO N O α N2 O2 NO N O
N2 N2 1.424 1.430 1.515 1.585 1.427
O2 O2 1.463 1.501 1.567 1.542
NO NO 1.542 1.641 1.555
N N 1.486 1.545
O O 1.582
a 1000-10,000 K
b 1000-15,000 K
c 1000-20,000 K
The fitting process is again carried out independently for each of the binary
collisional interactions in a manner similar to the one described in the previous
section. The results of the fitting procedure, plotted for the representative case
of the O−O collision pair is presented in Fig. 5.5 to demonstrate the general
trend. The standard and the best-fit VHS/VSS collision integrals are plotted as
a function of temperature alongside for comparison in Fig. 5.5(a,c). The error
(Fig. 5.5(b,d)) in the collision integrals for the VHS model reaches a maximum
error of 17% for Ω∗1(1) and is consistently around 15% for Ω∗2(2). The VSS model
however, was able to provide good fits with the standard values for all the binary
collision pairs with errors consistently staying below 6%. Table 5.3 contains the
recommended best-fit parameter values for both VHS and VSS models over the
above mentioned temperature ranges. Note that these values vary slightly from
the previous neutral gas mixture, due to the difference in the temperature range
over which, the calibration is performed.
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5.4.2 Neutral-Ion Interactions
The fitting procedure for neutral-ion interactions is employed for all binary
collisions at temperatures above 5000 K, where ionization is relevant. There are a
total of 25 possible neutral-ion interactions for the air mixture considered. Once
again, the temperature range in which the calibration process is carried out varies
with each of the interaction according to availability of accurate collision integral
data [24, 27, 41, 42, 43, 44, 45, 46]. For atomic interactions involving N and
O (i.e., N− N+, N−O+, O− N+, and O−O+) the temperature range is from
5000-20,000 K. The calibration for all other interactions is carried out from 5000-
15,000 K.
Fig. 5.6 presents the results of the collision integral fitting process for the repre-
sentative collision pair of O− N+. The fitting process of the collision integrals for
all the unlike-species collisions showed a similar trend. The collision integrals com-
puted using the VHS/VSS best-fit parameters and the standard collision integrals
are again plotted as function of temperature in the same graph for comparison.
Reasonable fits are observed in the case of the VHS model for Ω∗1(1) at low tem-
peratures, however, the error (Fig. 5.6(b)) reaches a maximum value of 25% at
high temperatures. The error in Ω∗2(2) (Fig. 5.6(d)) reaches a maximum value of
20%. In comparison, good fits are achieved for these collision integrals using the
VSS model with the corresponding error consistently less than 7%. Table 5.4 pro-
vides the recommended VHS/VSS best-fit values for the neutral-ion interactions.
For resonant collisions between a neutral particle and its corresponding ion,
the diffusion collision integral Ω∗1(1) values are significantly higher compared to
that of the collision between two neutral particles, while the magnitude of Ω∗2(2)
does not vary significantly (as explained in Section 3.2). This is illustrated in
Fig. 5.7(a,c) for an N2 − N+2 collision. The resulting collision integral computed
using the VHS/VSS parameter values obtained from the fitting process is plotted
in the same graph for comparison, and the corresponding error is presented in
Fig. 5.7(b,d). The VSS model with collision-specific pairing was able to produce
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Figure 5.6: Comparison of collision integrals Ω∗1(1)(a) and Ω∗2(2)(c) of an unlike
neutral-ion interaction for the representative case of O− N+ collision pair com-
puted using VHS/VSS model, collision-specific (C.S) pairing approach with the
standard values. Percent error of the collision-specific fitted VHS/VSS values for
collision integrals Ω∗1(1)(b) and Ω∗2(2)(d) with the standard values.
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Figure 5.7: Comparison of collision integrals Ω∗1(1)(a) and Ω∗2(2)(c) of a like-
species neutral-ion interaction for the representative case of N2 − N+2 collision
pair computed using VHS/VSS model, collision-specific (C.S) pairing approach
with the standard values. Percent error of the collision-specific fitted VHS/VSS
values for collision integrals Ω∗1(1)(b) and Ω∗2(2)(d) with the standard values.
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Table 5.4: Collision-specific VHS/VSS parameters for neutral-ion interactions: eleven-species ionized
air.
VHS VSS
dref [A˚] N2 O2 NO N O dref [A˚] N2 O2 NO N O
N+2 9.523 2.804 3.137 4.517 2.863 N
+
2 4.975
a 4.034a 4.100a 3.987a 3.823a
O+2 3.480 7.186 3.105 2.944 2.852 O
+
2 3.434
a 5.245a 3.417a 3.155a 2.990a
NO+ 3.562 2.810 8.491 3.020 2.877 NO+ 3.752a 3.714a 5.325a 3.584a 3.382a
N+ 3.486 2.638 3.046 8.040 5.286 N+ 7.666a 3.528a 3.595a 6.462b 7.525b
O+ 3.296 2.472 2.848 5.008 7.367 O+ 3.477a 3.453a 3.469a 7.092b 5.625b
ω N2 O2 NO N O ω N2 O2 NO N O
N+2 1.000 0.622 0.607 0.833 0.617 N
+
2 0.601 0.660 0.658 0.657 0.660
O+2 0.603 1.000 0.609 0.612 0.621 O
+
2 0.699 0.670 0.695 0.682 0.682
NO+ 0.604 0.620 1.000 0.614 0.616 NO+ 0.676 0.677 0.653 0.668 0.666
N+ 0.605 0.613 0.606 1.000 0.897 N+ 1.034 0.682 0.681 0.741 1.064
O+ 0.602 0.610 0.601 0.930 1.000 O+ 0.691 0.695 0.688 0.995 0.725
α N2 O2 NO N O α N2 O2 NO N O
N+2 N
+
2 0.254 1.284 1.269 1.256 1.286
O+2 O
+
2 1.378 0.157 1.365 1.339 1.366
NO+ NO+ 1.343 1.343 0.209 1.313 1.336
N+ N+ 1.862 1.344 1.329 0.158 1.798
O+ O+ 1.365 1.359 1.352 1.585 0.164
a 5000-12,000 K
b 5000-20,000 K
good agreement with the standard ab initio based collision integral values. In
order to accommodate the changes in the magnitude of Ω∗1(1), the value of the
scattering exponent α needs to be reduced to a much smaller value (according to
Eqn. 4.13). The value of the scattering exponent α for all these interactions is
found to be less than 1. Physically, a value of α < 1 implies a backward scattering
tendency, which is consistent with the apparent backward scattering observed
in the resonant charge transfer collision process discussed in Section 3.2. Since
the scattering process is highly anisotropic, the collision integral fits obtained
using VHS model (which inherently assumes isotropic scattering) are found to
be extremely poor with maximum errors around 50% for Ω∗1(1) and 40% for
Ω∗2(2). For the VHS model, a constraint on the values of ω between 0.5 and 1,
was necessary to obtain realistic values for the DSMC parameters. Even without
constraints, the errors in the collision integrals from the VHS model were only
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marginally improved. For the VSS model, no such constraints were necessary to
obtain realistic values for the DSMC parameters.
The difference in Ω∗1(1) for the like-species interactions is observed only in its
magnitude, while its variation with temperature is similar to that of the neutral-
neutral and unlike-species neutral-ion interaction, thus the values of the temper-
ature exponent ω is found to be in the same range.
5.4.3 Neutral-Electron Interactions
As discussed in Section 3.2, the variation of neutral-electron collision integrals
(Ω∗1(1) and Ω∗2(2)) with respect to temperature is not uniform for the different
neutral species, owing to complex collisional interaction process. For O2 and N2
(N2 shown in Fig. 5.8), the collision integrals initially are observed to increase with
temperature up to a certain limit and then are found to decrease with temper-
ature. The exact temperature where the peak of the collision integrals occurred
was found to be different for N2 and O2.To obtain the best possible fit, the tem-
perature range was divided into two regions, and the fitting procedure is carried
out independently in each temperature range. Piece-wise fits are made for N2
at low/high temperature ranges of 5000-7400 K and 7400-20,000 K, respectively,
and for O2 at temperature ranges of 5000-10,300 K and 10,300-20,000 K. In con-
trast, the collision integrals for the interaction of electrons with the other neutral
particles are observed to be monotonic in the temperature range considered and
so these fits (non-piecewise) are made over the entire temperature range. For
the N and NO (NO shown in Fig. 5.9), the collision integrals showed a mono-
tonically decreasing behavior with temperature, however, for the interaction of
O with electrons, the collision integrals are found to be monotonically increasing
with temperature (Fig. 5.10).
Table 5.5 shows the best-fit VHS/VSS parameter values for all the neutral-
electron interactions. The temperature exponent ω for both N2 and O2 in the
lower temperature region and for O in the complete temperature range has a
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Figure 5.8: Comparison of collision integrals Ω∗1(1)(a) and Ω∗2(2)(c) of a neutral-
electron interaction of N2 − e− collision pair (collision integrals non-monotonic
with temperature) computed using VHS/VSS model, collision-specific (C.S) pair-
ing approach with the standard values. Percent error of the collision-specific fitted
VHS/VSS values for collision integrals Ω∗1(1)(b) and Ω∗2(2)(d) with the standard
values.
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Figure 5.9: Comparison of collision integrals Ω∗1(1)(a) and Ω∗2(2)(c) of a neutral-
electron interaction of NO− e− collision pair (collision integrals monotonically
decreasing with temperature) computed using VHS/VSS model, collision-specific
(C.S) pairing approach with the standard values. Percent error of the collision-
specific fitted VHS/VSS values for collision integrals Ω∗1(1)(b) and Ω∗2(2)(d) with
the standard values.
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Figure 5.10: Comparison of collision integrals Ω∗1(1)(a) and Ω∗2(2)(c) of a neutral-
electron interaction of O− e− collision pair (collision integrals monotonically in-
creasing with temperature) computed using VHS/VSS model, collision-specific
(C.S) pairing approach with the standard values. Percent error of the collision-
specific fitted VHS/VSS values for collision integrals Ω∗1(1)(b) and Ω∗2(2)(d) with
the standard values.
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Table 5.5: Collision-specific VHS/VSS parameters for neutral-electron interac-
tions: eleven-species ionized air (5000-20,000 K).
VHS VSS
Temperature range [K] dref [A˚] ω dref [A˚] ω α
N2
5000-7400 1.727 0.431 1.777 0.446 1.011
7400-20,000 3.282 0.738 2.867 0.677 1.056
O2
5000-10,300 1.106 0.357 1.360 0.455 1.142
10,300-20,000 1.480 0.505 1.632 0.534 1.285
NO 5000-20,000 2.921 0.730 3.790 0.834 1.250
N 5000-20,000 2.385 0.684 3.863 0.842 1.983
O 5000-20,000 0.739 0.292 0.888 0.327 1.838
value of less than 0.5, consistent with the observed variation of the standard
collision integrals. Fig. 5.8(a,c); 5.9(a,c) and 5.10(a,c) show the result of the
fitting procedure for the interaction of electrons with N2, NO and O, respectively.
The collision integrals calculated using the best-fit VSS parameter values provided
excellent agreement with the standard collision integral values, with the error
(Fig. 5.8(b,d); 5.9(b,d) and 5.10(b,d)) values consistently staying within 5%. For
the N2 and O2 interaction with electrons, where the VSS scattering angle α was
found to be close to 1, the VHS model provided good agreement with the standard
collision integrals (Fig. 5.8(b,d)). With increasing deviation of α from unity, the
quality of agreement with the standard collision integrals achieved by the VHS
model becomes exceedingly poor (Fig. 5.9(b,d) and 5.10(b,d)).
5.4.4 Charged-Charged Interactions
Finally, the interactions between two charged particles are examined, which
includes ion-ion, ion-electron and electron-electron interactions. A total of 21 bi-
nary collisions fall under this category. As mentioned previously (Section 3.2), it is
sufficient to consider only two sets of collision integrals, one each for the repulsive
(ion-ion and electron-electron) and attractive (ion-electron) potential [26]. The
temperature dependence of the collision integrals for the charged-charged colli-
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Figure 5.11: Dependence of standard collision integrals Ω∗1(1)(a) and Ω∗2(2)(b)
of repulsive potential charged-charged interaction on temperature and electron
number density.
sions are similar to those of the neutral-neutral interactions (as seen in Fig. 5.11,
which shows the repulsive potential), however, these collision integrals are not
only functions of temperature, but of electron number density as well. The fitting
procedure was thus performed for these two sets of collision integrals over a wide
range of electron number densities ranging from 1013 to 1018 cm−3. Fig. 5.12(a,c)
presents the results from the fitting procedure of the collision integrals for the
representative case of repulsive interaction at ne= 10
16cm−3. The VHS model
is unable to capture the variation of both collision integrals with temperature
(Fig. 5.12(b,d)). This was observed to be the case at all electron number den-
sities considered in the present work and the VHS best-fit parameter values are
not presented here. The collision integrals obtained from the VSS best-fit values
are in good agreement with the standard collision integrals with maximum errors
(Fig. 5.12(b,d)) staying below 8%. Moreover the largest error values occur at low
temperatures, where such interactions are not frequently encountered.
The interaction between two charged particles is characterized by a very high
forward preferential scattering tendency (observed in the high values of α), this
is the reason why the VHS model is inadequate to model ionized mixtures.
Table 5.6 presents the best-fit parameter values for the attractive and repulsive
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Figure 5.12: Comparison of collision integrals Ω∗1(1)(a) and Ω∗2(2)(c) of repulsive
charged-charged interaction (ion-electron collision) for ne= 10
16cm−3 computed
using VHS/VSS model, collision-specific (C.S) pairing approach with the standard
values. Percent error of the collision-specific fitted VHS/VSS values for collision
integrals Ω∗1(1)(b) and Ω∗2(2)(d) with the standard values.
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Table 5.6: Collision-specific VSS parameters for charged-charged interactions at
a range of electron number densities (5000-20,000 K).
Attractive Potential Repulsive Potential
ne[cm
−3] dref [A˚] ω α dref [A˚] ω α
1.00E+13 8779.000 2.321 19.131 8357.550 2.316 18.304
1.00E+14 6289.900 2.285 16.003 5794.250 2.274 14.939
1.00E+15 4285.720 2.238 13.159 3637.620 2.208 11.893
1.00E+16 2744.960 2.181 10.209 1997.110 2.108 9.152
1.00E+17 1376.520 2.070 6.745 921.156 1.957 6.734
1.00E+18 524.985 1.869 4.342 340.123 1.728 4.938
interactions at the different electron number densities. The values of dref at low
electron number densities are large compared to the other interactions. This is
due to the fact that at low electron number densities, the value of Debye length
λD is large (according to Eqn. 3.8). For large values of λD, the range of the
intermolecular forces exerted by the ions increase due to the decreased shielding
effect of the electrons, thus resulting in a large value of dref within the DSMC
model. The corresponding values of the scattering exponent α are also very large,
indicating a very high preferential forward scattering tendency, which is physically
consistent with the nature of most frequent interactions between two charged
particles. The values of both dref and α significantly reduce when the electron
number density increases. To capture this electron number density dependence,
the parameters may be expressed as a second order polynomial in log(ne).
(dref , ω, α) = A ∗ log2(ne) +B ∗ log(ne) + C (5.3)
The values of the constants A, B, and C in Eqn. 5.3 are presented in the Ta-
ble 5.7. This functional form in Eqn. 5.3, combined with the curve-fit coefficients
in Table 5.7, can be easily implemented in DSMC solvers to provide a detailed
transport model for Coulombic interactions with significant electron number den-
sity variation.
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Table 5.7: Curve-fit coefficients for VSS collision-specific parameters as a function
of electron number density (ne) for charged-charged interactions (5000-20,000 K).
Attractive Potential Repulsive Potential
VSS
parameters
A B C A B C
dref [A˚] 3.614E+01 -3.294E+03 7.497E+04 4.794E+01 -4.121E+03 8.879E+04
ω -3.636E-03 2.228E-01 -1.102E+00 -4.298E-03 2.573E-01 -1.543E+00
α 3.846E-03 -1.573E+00 6.279E+01 3.489E-02 -3.659E+00 9.661E+01
5.4.5 Equilibrium Transport Coefficients for Ionized Air Mixture
Using the best-fit VHS/VSS parameters obtained in this section, the transport
properties of viscosity (µ), thermal conductivity (translational Ktr, rotational
Krot, vibrational Kvib) and effective diffusion coefficients (Di) are calculated and
plotted as a function of temperature in Figs. 5.13 and 5.14, alongside the transport
coefficients computed from the standard collision integrals, for comparison. These
transport coefficients are calculated for the equilibrium composition of the eleven-
species air mixture over a temperature range of 1000-20,000 K, at a pressure of
2300 Pa.
The effective diffusion coefficients of the neutral species, ions and electrons are
presented in Fig. 5.13(a,c,e), respectively, with the corresponding errors shown in
Fig. 5.13(b,d,f). The VSS model was able to provide good agreement with the
standard values with maximum error around 6%. It is important to emphasize
that the 6% error refers to the difference in transport properties as determined by
the curve fits to NASA’s collision integral data and the calibrated DSMC param-
eters. However, the collision integral data is reported to have 25% uncertainty in
the specified temperature range [24, 27, 41]. The maximum errors for the neutral
species are observed at high temperatures above 16,000 K, where their composi-
tion is exceedingly low and the maximum errors for the ions and electrons occur
at low temperatures. The errors associated with the VHS model are however,
unacceptably high, reaching more than 100% in some cases. The agreement is
reasonably good for the effective diffusion coefficients of neutral species at low
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Figure 5.13: Comparison of effective diffusion coefficients for neutral species(a),
ions(c) and electrons(e) calculated using VSS model, collision-specific (C.S) pair-
ing approach with the transport coefficients computed from the standard collision
integrals. Percent error of the fitted collision-specific VSS values for effective diffu-
sion coefficients for neutral species(b), ions(d) and electrons(f) with the standard
values at equilibrium composition.
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Figure 5.14: Comparison of transport coefficients, viscosity(a), thermal conduc-
tivities(c) calculated using VSS models, collision-specific (C.S) pairing approach
with the transport coefficients computed from the standard collision integrals.
Percent error of the fitted collision-specific VHS and VSS values for viscosity(b),
thermal conductivities(d) with the standard values at equilibrium composition.
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temperatures, when the gas mixture consists of mainly neutral species, however,
as the concentration of the ionized species increases, the quality of fits achieved by
the VHS model deteriorates. This is due to the anisotropic nature of the neutral-
ion interactions (especially the like-species collision pair). This is the same reason
why larger errors are observed for the effective diffusion coefficients of some ions
(N+ and O+) at low temperatures. As the temperature reaches above 15,000 K,
the errors for all the ionized species and electrons increases as the charged-charged
interactions, which are also highly anisotropic, become dominant.
Fig. 5.14(a,c) presents the viscosity and thermal conductivities of the mixture as
a function of temperature. The resulting errors between the VHS/VSS values and
the standard viscosity and thermal conductivities are presented in Fig. 5.14(b,d).
The viscosity and thermal conductivities computed from the VSS model parame-
ters closely matched with the standard values, with the error consistently staying
below 4% over the entire range of temperature. However, in the case of the
VHS model, reasonable agreement with the standard values are observed at lower
temperatures and the agreement becomes increasingly poor as the temperature
increases.
Finally, since the best-fit parameters are defined independently for each specific
collision pair and provide agreement with the fundamental collision integrals, that
are not composition dependent, the applicability of the recommended best-fit
parameters is not limited to this air mixture alone, but can readily be used in
DSMC simulations to describe the pair-wise interactions between the constituents
in the specified temperature range presented here.
5.4.6 Extension to Chemical Non-Equilibrium
The comparison of the transport coefficients calculated from best-fit VHS/VSS
parameters and standard collision integrals at equilibrium composition was pre-
sented in the previous section. However, in many physical situations of interest,
various conditions which lead to non-equilibrium chemical compositions are usu-
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Figure 5.15: Percent error of fitted VHS/VSS collision-specific (C.S) effective dif-
fusion coefficients of neutral species relative to the standard values for (a) fully
recombined air system, (b) partially dissociated air system, and (c) partially ion-
ized air system.
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Figure 5.16: Percent error of fitted VHS/VSS collision-specific (C.S) effective
diffusion coefficients of ions and electrons relative to the standard values for (a)
partially dissociated air system, (b) partially ionized air system, and (c) fully
ionized air system.
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Figure 5.17: Percent error of fitted VHS/VSS collision-specific (C.S) viscosity
coefficients relative to the standard values for (a) fully recombined air system,
(b) partially dissociated air system, (c) partially ionized air system, and (d) fully
ionized air system.
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Figure 5.18: Percent error of fitted VHS/VSS collision-specific (C.S) thermal
conductivity (translational, rotational and vibrational) coefficients relative to the
standard values for (a) fully recombined air system, (b) partially dissociated air
system, (c) partially ionized air system, and (d) fully ionized air system.
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ally encountered like shock waves, boundary layers, etc. In order to demonstrate
the applicability of the best-fit parameter values in such situations, the trans-
port coefficients computed from these values are compared to the standard values
under four non-equilibrium scenarios. These scenarios correspond to the fully re-
combined air mixture with no dissociation or ionization (79% N2, 21% O2 by mole
fraction), a partially dissociated air system (32% N2, 1% O2, 0.5% NO, 40% N,
26% O and 0.5% of other species by mole fraction), a partially ionized air system
(5% N2, 2% O2, 34% N, 8% O, 20% N
+, 5% O+, 25% e− and 1% of other species
by mole fraction), and fully ionized air plasma (39.5% N+, 10.5% O+ and 50% e−
by mole fraction) over the temperature range considered.
Fig. 5.15 presents the percent errors of the VHS/VSS effective diffusion coeffi-
cients of the neutral species relative to the standard values computed using the
ab initio based collision integrals for the fully recombined air (Fig. 5.15(a)), par-
tially dissociated air (Fig. 5.15(b)), partially ionized air (Fig. 5.15(c)). The VSS
model with collision-specific pairing again shows excellent agreement with the
standard values with errors less than 6% through the entire temperature range.
The VHS model performs reasonably well in the neutral gas mixtures, however,
the quality of the fits achieved by the VHS model deteriorates as the composition
of ionized species increases, with errors in some cases of the partially ionized air
reaching a value of 100%. For the case of ionized species effective diffusion coef-
ficients (Fig. 5.16), the VSS model again demonstrates excellent agreement with
the standard values for all the non-equilibrium scenarios.
Figs. 5.17 and 5.18 presents the percent error of the VHS/VSS viscosity and
thermal conductivity coefficients relative to the values computed using the stan-
dard collision integrals. The VHS model showed reasonable agreement with the
standard values when the mixture is mainly composed of neutral species. With
the increase of ionized species composition in the system, the errors for the VHS
model steadily increases. On the other hand, excellent agreement with the stan-
dard values is observed for the VSS model at all the non-equilibrium scenarios,
regardless of the composition with the errors staying below 5%.
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5.5 Extension to Other Important Gas Systems
5.5.1 Air-Argon Mixture
Typically air is modeled as a nitrogen-oxygen mixture, however, in some cases
argon, which constitutes about 1% (by mole fraction) of the atmosphere is also
included. In addition, air-argon interactions are of particular importance for re-
entry applications, laboratory plasmas and arc-jet simulations, where argon is
added as a diluent. Extension of this calibration procedure to include additional
species in the mixture is very straightforward. Since the fitting technique is based
on comparison of collision integrals, the relative composition of the new mixture
does not affect the calibration procedure. Further, the use of collision-specific
pairing ensures that the best-fit parameters for a specific interaction is not de-
pendent upon the other species in the system. Thus, inclusion of new species in
the mixture only involves the calibration of the resulting additional interactions,
without having any effect on the parameter values of the interaction between the
pre-existing species. This section presents the best-fit collision-specific VHS/VSS
collision model parameters for the additional interactions in an air-argon mixture.
The general procedure for the calibration is similar to that presented in the pre-
vious sections. Following the road-map outlined in this chapter, the fitting process
is carried out for a six-species neutral air-argon mixture from 1000-5000 K (Ta-
ble 5.8), and a thirteen-species ionized air-argon mixture (Table 5.9). There are
a total of six additional neutral-neutral interactions, eleven neutral-ion interac-
tions and a single neutral-electron interaction. The collisions between the charged
particles are again modeled using a shielded Coulomb potential (as explained in
Section 3.2). The best-fit parameters for these interactions are the same as in
Table 5.6 and 5.7. The temperature range for the ionized mixture calibration is
based on the availability of accurate collision integral data [27, 41] and is explicitly
indicated alongside the parameters in Table 5.9.
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Table 5.8: Collision-specific VHS/VSS parameters for air-argon interactions: six-
species neutral mixture (1000-5000 K).
VHS VSS
dref [A˚] ω dref [A˚] ω α
N2 Ar 3.345 0.641 3.732 0.686 1.373
O2 Ar 3.429 0.659 3.886 0.710 1.419
NO Ar 3.465 0.653 3.901 0.701 1.396
N Ar 3.168 0.693 3.759 0.761 1.563
O Ar 3.291 0.673 3.828 0.733 1.499
Ar Ar 3.444 0.658 3.899 0.709 1.416
Table 5.9: Collision-specific VHS/VSS parameters for air-argon interactions:
thirteen-species ionized mixture.
VHS VSS
Temperature range [K] dref [A˚] ω dref [A˚] ω α
N2 Ar 1000-15,000 3.478 0.674 3.882 0.703 1.446
O2 Ar 1000-15,000 3.527 0.687 3.972 0.719 1.467
NO Ar 1000-15,000 3.604 0.687 4.049 0.719 1.463
N Ar 1000-15,000 3.352 0.743 3.936 0.784 1.632
O Ar 1000-20,000 3.490 0.723 4.022 0.757 1.570
Ar Ar 1000-20,000 3.563 0.692 4.011 0.722 1.470
N2 Ar
+ 5000-15,000 3.774 0.690 4.662 0.768 1.406
O2 Ar
+ 5000-15,000 3.951 0.718 4.989 0.803 1.442
NO Ar+ 5000-15,000 3.774 0.689 4.639 0.764 1.397
N Ar+ 5000-15,000 3.838 0.711 4.746 0.789 1.403
O Ar+ 5000-15,000 3.642 0.711 4.577 0.795 1.438
Ar N+2 5000-15,000 4.463 0.707 5.384 0.777 1.352
Ar O+2 5000-15,000 3.590 0.737 4.678 0.834 1.490
Ar NO+ 5000-15,000 3.991 0.717 5.002 0.800 1.426
Ar N+ 5000-15,000 3.050 0.619 3.581 0.677 1.331
Ar O+ 5000-15,000 2.911 0.622 3.461 0.685 1.353
Ar Ar+ 5000-15,000 6.510 0.870 5.522 0.619 0.162
Ar e− 5000-20,000 0.154 -0.492 0.193 -0.434 1.801
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5.5.2 Mars and Venus Atmospheric Systems
Mars and Venus atmospheric systems, which are very important gas mixtures for
re-entry applications, are considered next. Both atmospheres consist primarily of
CO2 − N2 system and can be accurately modeled using a eighteen-species weakly-
ionized mixture: N2,O2,NO,N,O, CO2,CO,C,CN, N
+
2 ,O
+
2 ,NO
+,N+,O+, CO+,
C+,CN+ and e−, leading to a total of 171 possible binary interactions. Wright et al.
[47] performed a comprehensive review of the available collision integral data for
this system and this is used as the baseline standard for the calibration procedure
(this is the source of NASA’s species transport database). Since this system is
mainly of interest from the context of re-entry applications, the calibration is not
performed separately for the neutral mixture. In addition, the best-fit parameters
are presented only for the VSS model, collision-specific pairing approach. The
temperature range for the calibration process of each interaction is again chosen
in accordance with the source of the collision integral data [47] and enumerated
beside the best-fit parameters.
There are a total of 45 possible neutral-neutral interactions between the nine
neutral species. 15 of these are same as that of the air system and the best-fit
parameters are present in Table 5.3. The calibration procedure is carried out for
the remaining 30 interactions and the parameters are provided in Table 5.10.
In the case of neutral-ion interactions, there are a total of 72 possible binary
collisions between the different species. As part of the eleven-species air mixture,
25 of these interactions were already considered and best-fit parameters were
reported in Table 5.4. Many of the remaining interactions occur between trace
species (including most interactions of ionized and neutral molecules) and will
have a negligible effect on the computation of transport properties of the mixture
[47]. Thus, these interactions can be adequately represented using a polarization
(Langevin) potential (Section 3.2). With the use of Langevin potential, a closed
form expression for the diffusion collision integral can be obtained in terms of the
dipole polarizability of the neutral species [19].
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Table 5.10: Collision-specific VSS parameters for neutral-neutral interactions:
eighteen-species ionized Mars and Venus atmospheric system.
Temperature range [K] dref [A˚] ω α
N2 CO2 1000-20,000 4.509 0.723 1.437
N2 CO 1000-20,000 4.684 0.787 1.494
N2 C 1000-10,000 4.209 0.751 1.404
N2 CN 1000-20,000 4.769 0.802 1.680
O2 CO2 1000-20,000 4.147 0.686 1.396
O2 CO 1000-20,000 4.307 0.748 1.499
O2 C 1000-20,000 3.773 0.757 1.569
O2 CN 1000-20,000 4.175 0.739 1.526
NO CO2 1000-20,000 4.317 0.704 1.437
NO CO 1000-20,000 4.482 0.766 1.531
NO C 1000-20,000 3.984 0.784 1.636
NO CN 1000-20,000 4.418 0.765 1.589
N CO2 1000-20,000 3.849 0.685 1.392
N CO 1000-20,000 3.779 0.699 1.419
N C 1000-20,000 3.983 0.806 1.503
N CN 1000-20,000 4.516 0.845 1.790
O CO2 1000-20,000 3.950 0.708 1.451
O CO 1000-20,000 3.643 0.744 1.537
O C 1000-20,000 4.129 0.825 1.523
O CN 1000-20,000 3.868 0.772 1.606
CO2 CO2 1000-20,000 4.147 0.632 1.259
CO2 CO 1000-20,000 4.510 0.723 1.437
CO2 C 1000-20,000 4.142 0.731 1.507
CO2 CN 1000-20,000 4.558 0.719 1.478
CO CO 1000-20,000 4.684 0.787 1.494
CO C 1000-15,000 3.812 0.764 1.581
CO CN 1000-15,000 4.229 0.746 1.539
C C 1000-20,000 4.983 0.883 1.523
C CN 1000-20,000 4.166 0.805 1.687
CN CN 1000-20,000 4.609 0.784 1.635
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Ω∗1(1) = 425.4
(αdp
T
)0.5
(5.4)
The viscosity collision integral is then calculated by assuming a constant value
of 1.1 for the ratio of collision integrals [47].
Ω∗2(2) = 1.1 Ω∗1(1) (5.5)
The dipole polarizability of the neutral species and the calibrated parameters
based on the collision integrals of the Langevin potential is presented in Table 5.11.
It is noted that a direct comparison of the collision integrals from Langevin po-
tential (Eqns. 5.4-5.5) and DSMC models (Eqns. 4.13-4.14), yields a value of 1 for
the temperature exponent ω. However, the inclusion of B∗ in the fitting metric
slightly alters the ω values. The value of B∗ was assumed to be a constant equal
to 1.2, according to the recommendation of Wright et al. [47]. Another important
observation is that the values of α are also constant for all the species. This is a
direct result of the assumption that the ratio of viscosity and diffusion collision
integrals is a constant (Eqn. 5.5) as discussed in Section 4.2.
Higher fidelity data was presented for the abundant neutral-ion interactions in
Wright et al. [47]. This includes the collisions of C+ with neutral species of O2,
N and O as well as the interactions of CO and C with atomic ions of N+,O+ and
C+. In addition, the like-species neutral-ion interactions of CO− CO+,C− C+
and CN− CN+, characterized by the charge transfer process are also taken into
consideration. Table 5.12 contains the best-fit parameters for these interactions
along with the temperature range of validity. Notice that the values for the
scattering exponent α are less than unity for all the like-species interactions,
consistent with the previous results for the eleven-species ionized air mixture.
For the neutral-electron collisions, there are 4 interactions which must be con-
sidered, in addition to the air mixture (Table 5.5). These include the interaction
of CO2, CO, C and CN with electrons. Similar to the case of air mixture, some of
the interactions were observed to be non-monotonic with temperature. For these
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Table 5.11: Collision-specific VSS parameters for neutral-ion interactions based on
Langevin potential: eighteen-species ionized Mars and Venus atmospheric mixture
(5000-20,000 K).
Dipole polarizability
αdp[A˚
3]
dref [A˚] ω α
N2 1.74 7.051 0.967 1.536
O2 1.58 6.883 0.967 1.536
NO 1.70 7.010 0.967 1.536
N 1.10 6.287 0.967 1.536
O 0.80 5.806 0.967 1.536
CO2 2.91 8.018 0.967 1.536
CO 1.95 7.254 0.967 1.536
C 1.76 7.071 0.967 1.536
CN 2.00 7.301 0.967 1.536
Table 5.12: Collision-specific VSS parameters for major neutral-ion interactions:
eighteen-species ionized Mars and Venus atmospheric mixture.
Temperature range [K] dref [A˚] ω α
O2 C
+ 5000-20,000 4.193 0.737 1.399
N C+ 5000-15,000 4.173 0.743 1.368
O C+ 5000-15,000 4.105 0.758 1.395
CO N+ 5000-15,000 4.367 0.767 1.430
CO O+ 5000-15,000 4.301 0.781 1.457
CO CO+ 5000-15,000 6.883 0.816 0.279
CO C+ 5000-15,000 4.492 0.759 1.411
C N+ 5000-15,000 4.303 0.753 1.381
C O+ 5000-15,000 4.202 0.765 1.409
C C+ 5000-20,000 8.842 0.861 0.136
CN CN+ 5000-15,000 6.902 0.817 0.283
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Table 5.13: Collision-specific VSS parameters for neutral-electron interactions:
eighteen-species ionized Mars and Venus atmospheric mixture.
Temperature range [K] dref [A˚] ω α
CO2
5000 - 6300 1.503 0.575 0.754
6300 - 20,000 0.595 0.107 0.555
CO
5000 - 6300 2.265 0.435 0.922
6300 - 20,000 5.940 0.899 1.198
C 5000 - 15,000 5.047 0.879 1.646
CN
5000 - 6300 2.265 0.435 0.922
6300 - 20,000 5.940 0.899 1.198
cases, the temperature range was divided into regions and the fitting process is
carried out independently in each of them. The calibrated parameters and their
temperature range of applicability is provided in Table 5.13. The values of the
temperature exponent ω, lie below or above 0.5, in accordance with the increasing
or decreasing (respectively) trends of the collision integrals with temperature (as
discussed in Section 5.4.3). Finally, the 45 possible interactions between charged
particles (both ions and electrons) can all be described using two sets (attractive
and repulsive) of the shielded Coulomb potential. The best-fit parameters for
these interactions as a function of the electron number density have already been
presented in Table 5.6 and 5.7.
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Chapter 6
Effect of the Calibrated Parameters in DSMC
In this chapter, the effect of the parameter calibration on the DSMC solution is
studied. This is carried out by comparing the flow field solutions obtained using
the calibrated parameters from this study and using Bird’s [48] values, which
are widely used in the DSMC community. First, the details of the simulation
procedure is outlined, followed by the results of the comparison study.
6.1 Details of the Simulation Procedure
A Mach 23 hypersonic flow over a two-dimensional cylinder is considered for
the present investigation. This corresponds to a free stream velocity of 8000 m/s
at a temperature of 300 K. Fig. 6.1 shows the geometry of the flow domain. The
free stream number density was chosen such that the Knudsen number based on
the diameter of the cylinder was 0.1. The surface of the cylinder was maintained
at an isothermal wall temperature of 300 K with an accommodation coefficient
of 0.1. Inflow/outflow boundary condition was imposed on all the four sides of
the domain. In order to elucidate the effect of the calibrated parameters (which
are based on consistent transport properties), the simulations are performed with
frozen chemistry and temperature-independent internal energy relaxation for the
molecules.
The DSMC simulations were performed using SPARTA (Stochastic PArallel
Rarefied-gas Time-accurate Analyzer) [49]. Preliminary calculations were carried
out with a coarse grid and large time step size, to obtain basic information about
the spatial variation of the number density and mean free path in the domain. The
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Figure 6.1: Geometry of the simulation domain.
grid size was then refined such that it was on the order of the smallest mean free
path in the domain. The time step was also chosen to be a fraction of the mean
collision time. Further, a convergence study was undertaken to ensure the validity
of these values. In addition, a convergence study was also performed to determine
the appropriate height of the domain and the particle weight (ratio of real to
simulated particles in DSMC). The final values for these quantities obtained from
the convergence study is presented in Table 6.1 and are employed for the final
simulations. In the case of the ionized mixture, the ambipolar approximation is
used for modeling the electrons. In this model, the electrons are not free particles,
which would make the computation extremely expensive, owing to the small mass
and high speed of electrons. Instead, the electrons are forced to follow the parent
ions, such that the plasma appears macroscopically neutral, with no restrictive
constraint on the time step size. In addition, during the simulation using the
calibrated parameters, the interactions between charged particles are neglected in
account of the large values of scattering exponent α (Table 5.6). This indicates
a very high preferentially forward scattering tendency and thus, such interactions
will involve negligible momentum and energy transfer.
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Table 6.1: Free stream, surface, geometry and simulation parameters.
KnD
Number density
nd (/m
3)
v∞
(m/s)
T∞
(K)
Tw
(K)
Domain
size (m)
Grid size
(m)
Time step
(s)
Particle
weight
0.1 4× 1019 8000 300 300 2.4 x 3 0.01 x 0.01 10−6 5× 1015
Table 6.2: Bird’s VHS collision-averaged parameter values [48].
N2 O2 NO N O N
+
2 O
+
2 NO
+ N+ O+ e−
dref [A˚] 4.07 4.17 3.00 3.00 4.20 4.07 4.17 3.00 3.00 4.20 7E-03
ω 0.77 0.74 0.80 0.80 0.79 0.77 0.74 0.80 0.80 0.79 0.5
6.2 Results
DSMC simulations were performed for two air mixtures using the calibrated VSS
collision-specific parameters presented in this work and Bird’s VHS collision-
averaged parameter values [48] (Table 6.2). The first air mixture is a neutral
system corresponding to a partially dissociated system containing 32% N2, 1.5%
O2, 0.5% NO, 40% N, 26% O by mole fraction. Next, a weakly-ionized system
representative of a partially ionized air mixture is studied. The composition of
this mixture is 5% N2, 2% O2, 34% N, 8% O, 20% N
+, 5% O+, 25% e− and 1%
of other species by mole fraction.
The translational temperature along the stagnation line in the forebody of the
cylinder is plotted in Fig. 6.2. The temperature profiles obtained using both the
parameter sets are plotted alongside for comparison. Fig. 6.2(a) presents the
results for the neutral air mixture. A steep gradient is observed at around x =
- 0.3 m, due to the formation of bow shock. The peak temperatures obtained at
Table 6.3: Heat flux (W/cm2) along the stagnation line at two locations.
X (m)
Neutral air mixture Ionized air mixture
Calibrated Bird % difference Calibrated Bird % difference
-0.2 66.9 57.2 -14.5 92.9 73.0 -21.4
-0.02 128 126 -1.56 141 82.1 -41.8
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Figure 6.2: Comparison of translational temperature along stagnation line for
(a) neutral air mixture (b) ionized air mixture, computed using calibrated VSS
collision-specific parameters and Bird’s VHS collision-averaged parameter values.
the shock regions are much greater than the physically realistic values at these
inlet conditions. This is a direct result of neglecting the chemical reactions in the
flow. There is no energy associated with dissociation or ionization reactions and
all the flow energy is converted into thermal energy. This is also the reason for
the physically unrealistic extended peak of the translational temperature along
the stagnation line.
In the case of the neutral air mixture, slight differences are observed between
the temperature profiles (Fig. 6.2(a)) of the two parameter sets at the beginning of
the shock (-0.3 < x < -0.2 m), but further downstream, the two solutions become
nearly identical. This is somewhat expected due to the fact that the VHS model
was able to match the standard transport coefficients reasonably well in the case
of a neutral mixture. In order to quantify the difference, the heat flux predicted
by both these cases are also computed at two different locations of x = -0.2 m
and -0.02 m along the stagnation line and presented in Table 6.3. The relative
differences between the solutions from calibrated and Bird’s parameters are also
shown alongside. There is good agreement between the heat flux values at x =
-0.02 m, close to the surface. However, considerable differences are observed inside
the shock (at x = -0.2 m), consistent with the temperature profiles.
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For the case of ionized mixture, there is significant variation in the temper-
ature profiles along the stagnation line (Fig. 6.2(b)). The Bird’s parameter
solutions predicts a much thicker shock, indicating that the information from
the surface of the cylinder travels further upstream compared to the calibrated
parameter solutions. This may be due to the fact that, there is much lower
probability of collisions according to Bird’s parameter values (Table 6.2), due
to the small dref values for all the interactions between the major species (i.e.,
N− N, N−O,N− N+,N−O+,N− e−,O−O,O− N+,O−O+), especially for
the neutral-charged interactions, compared to the calibrated parameters (Ta-
bles 5.3, 5.4 and 5.5). This leads to many fewer collisions in the system and
transport of information over greater distances. Substantial differences for the
heat flux (up to 40%) were also observed at both the locations. Again these dif-
ferences were anticipated, since, even the calibrated collision-specific VHS model
parameters were unable to match the transport coefficients reasonably for the
ionized mixtures.
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Chapter 7
Conclusions
In this chapter, a summary of this work is presented, with a highlight on the
physical principles, important observations, key results and contributions. This is
followed by some suggestions regarding possible areas for focus of future research
efforts.
7.1 Summary
The main objective of this work is achieving accurate modeling of transport
processes in DSMC. This is achieved by the calibration of the collision model
parameters such that they reproduce physically consistent results under a statis-
tical framework. Towards this end, a general procedure to achieve consistency in
transport properties for any computational solver is established. All macroscopic
properties of the system arise from the microscopic interaction of the fundamental
particles at the molecular level. Thus, a physically accurate description of this
fundamental interaction process will certainly result in a consistent prediction of
the macroscopic transport properties. This is the basis of the calibration proce-
dure, where the collision integrals (an averaged representation of the collisional
interaction) are matched between the DSMC collision models and the physically
accurate NASA’s collision integral database. The fitting technique is based on the
Nelder Mead algorithm, which performs a systematic adjustment of the collision
model parameters to achieve the best possible agreement between the two sets of
collision integrals.
The calibration of the DSMC parameters is performed for the VHS and VSS
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collision models using both the collision-averaged and collision-specific pairing
approaches. The effect of employing different collision pairing approach and their
ability to accurately predict the transport properties was analyzed. The results
indicated that the collisional interaction between each specific pair is unique and
needs to be treated independently (collision-specific pairing) for obtaining phys-
ically accurate results. The use of collision-specific pairing also allowed for the
development of a new highly, computationally efficient fitting approach, that is
independent of the other species and their composition in the mixture. This effec-
tively means that the calibration needs to be performed only once to determine
the parameters for a specific interaction, which is then guaranteed to accurately
model the transport processes in any gas mixture within the specified temperature
range. Furthermore, this work presents the first collision model calibration tech-
nique for ionized plasmas, and provides the calibrated parameters in an analytical
functional form to include electron number density dependence.
Several types of interactions are encountered in a weakly-ionized gas mixture,
including neutral-neutral, neutral-ion, neutral-electron and charged-charged in-
teractions. The interactions between neutral species are extremely important
at lower temperatures (below 5000 K) and play the major role in determining
the transport coefficients in this range. Since several applications of interest fall
within this temperature limit, the calibration is performed for neutral mixtures,
separately, in addition, to the ionized systems.
The neutral-ion interactions between unlike species is similar to the neutral-
neutral collisions. However, the like-species interactions (between an ion and
its neutral counterpart) are subject to resonant charge transfer reactions, which
causes these collisions to appear as preferentially backward-scattering events. This
greatly reduces the diffusion coefficients and drives the scattering exponent α to
values less than unity in the calibration process.
The neutral-electron interactions are extremely complicated processes which
involve a range of quantum mechanical phenomena. Thus, the temperature varia-
tion of these collision integrals did not follow a similar trend as that of the previous
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interactions. In some cases, the collision integrals were also found to have non-
monotonic variations in the considered temperature range. In such situations,
the temperature range was divided into regions where the collision integrals were
monotonic in order to obtain good fits using the VHS/VSS model.
The interaction between two charged particles was found to be adequately rep-
resented by two sets of collision integrals corresponding to the attractive and
repulsive form of the shielded Coulomb potential. However, in addition to tem-
perature, these collision integrals were also functions of the electron number den-
sity of the system. Thus, in order to account for this additional dependence, the
fitting process was performed at various electron number densities and an analyt-
ical function form was introduced to capture this dependence. In general, these
collisions were found to have very high preferentially forward scattering tendencies
over a wide range of electron number densities.
An assessment on the validity of the considered collision models (VHS and VSS)
to adequately capture the various physical phenomena occurring in the different
types of interactions in a weakly-ionized gas mixture was also undertaken in this
work. This is examined by comparing the transport coefficients computed from the
best-fit parameters of each model with the transport coefficients computed directly
from the standard collision integrals. This comparison is made at equilibrium
composition and at several chemical non-equilibrium scenarios. In general, the
VHS model was inadequate to provide good agreement for the collision processes
which were inherently anisotropic in nature. The VSS model with the collision-
specific pairing provided excellent agreement with the standard values of collision
integrals and transport properties. A DSMC model that can account for the
preferential scattering tendencies of each type of collisional interaction (like the
VSS model) was found to be necessary to achieve high-fidelity, physically accurate
predictions of transport properties in weakly-ionized gas systems.
Following the extensive study on the air mixture, this calibration procedure is
then extended to other gas systems of interest in the hypersonic flow community.
First, the air-argon system is considered and the collision-specific VHS and VSS
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model parameters are presented for a six-species neutral and a thirteen-species
ionized mixture in their particular temperature ranges of interest. Further, the
calibration process is also applied to Mars and Venus atmospheric systems, an-
other important gas mixture from the viewpoint of re-entry applications. Both
these systems comprise of CO2 − N2 mixture and the collision-specific VSS model
parameters are provided for an eighteen-species weakly-ionized system. The rec-
ommended best-fit DSMC parameters for the binary interactions presented in this
work, are not restricted to the specific system, but will provide consistent results
for any gas mixture involving the pair-wise interactions considered here.
Finally, a study is undertaken to understand the influence of the calibration
procedure on the DSMC flow field solution. DSMC simulation of a hypersonic
flow over a 2D cylinder was performed using the calibrated and Bird’s parameters
for a neutral and weakly-ionized air mixtures. The stagnation line temperature
profile and heat flux at the forebody of the cylinder were compared between the
two solutions. For the neutral system, parts of the flow field showed appreciable
deviations between the two solutions. However, significant differences were ob-
served in the case of ionized systems; consistent with the trends observed during
the calibration procedure.
7.2 Recommendations for Future Work
Some possible future research directions for extending the current work is
presented below.
1. Additional gas systems of interest - The calibration procedure outlined
in this work was applied to obtain the best-fit collision model parameters
for some important gas systems. However, this set of calibrated parameters
is by no means complete. A few other gas systems of interest from the
viewpoint of the hypersonic community is the Jupiter atmospheric system
and carbon phenolic ablation system. The extension of the current fitting
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technique for new mixtures is fairly straightforward, however, it is subject
to the availability of accurate collision integral database.
2. Comprehensive analysis of the effect of the calibrated parameters -
A single case of two-dimensional flow over a cylinder was considered to study
the effects of the calibration on the DSMC flow field solutions. In addition,
only the heat flux in the forebody of the flow was used for comparison. A
more comprehensive examination of the various flow properties in many flow
scenarios of interest like wake, boundary layer, etc., should be considered to
entirely understand the influence of the calibration.
3. Extension to lower temperature ranges - Although the focus of this
study was on weakly-ionized gas systems and high temperature ranges (above
1000 K), nevertheless, the general procedure outlined in this work to achieve
consistency in transport properties can readily be extended to lower temper-
ature regimes. However, an important consideration which must be taken
into account is that, both VHS and VSS models presented here are based
only on repulsive interactions. While the VSS model was sufficient to cap-
ture the various phenomena occurring at high temperatures, DSMC collision
models that account for the attractive forces and potential like the Gener-
alized Hard Sphere (GHS) model by Hassan and Hash [50], might prove
necessary for obtaining consistency in transport properties at low tempera-
tures.
4. Inclusion of additional collision integrals in the calibration proce-
dure - The transport properties considered in this work is limited to vis-
cosity, thermal conductivity (translational, rotational and vibrational) and
diffusion. The calibration procedure is focused on matching the collision
integrals required for their first order description. For achieving consistency
in additional transport mechanisms such as thermal diffusion, reaction heat
flux, etc.; or in the higher order approximation of the present ones, would
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require the inclusion of additional collision integrals in the calibration pro-
cedure.
5. State-to-state kinetic description - Highly non-equilibrium conditions
occurring in some physical situations of interest, sufficiently distort the dis-
tribution of particles in the internal energy levels, such that, an effective
distribution function cannot be suitably used to describe the state of the
system. In such cases, a quantized description of the internal energy modes
are considered, with each state having a unique identity. This would effec-
tively lead to a substantial increase in the number of transport properties
(diffusion and internal conductivities) required for the description of system.
The general procedure described in this work for achieving consistency can
be extended to such a state-to-state description, but will require careful
consideration of the fitting metric used for the calibration procedure.
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Appendix A
Reference Temperature Tref - An Arbitrary
Quantity
The reference temperature is a quantity, which is used in the definition of
the reference diameter of the phenomenological VHS and VSS models. In princi-
ple, any finite temperature value can be chosen as the reference and the physical
quantities (like the collision cross-section and the collision integrals) should not
be dependent upon the particular value. This is consistent with the present rep-
resentation of the collision integrals using DSMC models (Eqns. 4.8-4.14). In
these equations, Tref does not occur independently, but only as a part of this
expression d2refT
ω−1/2
ref . Thus, the reference quantities of temperature and diam-
eter are coupled and for varying values of Tref , the reference diameter dref , will
change accordingly in the fitting process such that the physical quantities remain
unchanged. In order to demonstrate this, the calibration process is performed
at different values of Tref (= 273, 1000, 2000, 3000, 4000 and 5000 K) for a
five-species neutral air mixture in the temperature range of 1000-5000 K.
The results for the representative case of N2-N2 and N2-O2 interactions are
presented up to six significant digits in Table A.1 and Table A.2, respectively. The
value of the reference diameter varies with the reference temperature, however, the
value of d2refT
ω−1/2
ref remains constant (up to 5 significant digits). In addition,the
values of α and ω also remain constant, thus showcasing the fact that non-reference
quantities are not affected by the particular value of the reference quantities (both
dref and Tref ). The last column presents the final error values obtained by the
Nelder-Mead algorithm for the specific fitting process. This quantity also remains
invariant with the Tref , indicating that a well defined minima exists independent
of the reference quantities and that the Nelder-Mead algorithm is able to capture
this consistently and accurately.
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Table A.1: Collision-specific DSMC parameters for N2-N2 interaction (1000-
5000 K) obtained using different values of Tref .
Tref (K) dref [A˚] ω α d2refT
w−1/2
ref [A˚
2] Final error
273 3.94361 0.671603 1.37033 40.7232 0.0693023
1000 3.52790 0.671603 1.37033 40.7231 0.0693023
2000 3.32420 0.671603 1.37033 40.7231 0.0693023
3000 3.21054 0.671603 1.37033 40.7233 0.0693023
4000 3.13227 0.671603 1.37033 40.7233 0.0693023
5000 3.07287 0.671603 1.37033 40.7233 0.0693023
Table A.2: Collision-specific DSMC parameters for N2-O2 interaction (1000-
5000 K) obtained using different values of Tref .
Tref (K) dref [A˚] ω α d2refT
w−1/2
ref [A˚
2] Final error
273 3.56306 0.699512 1.39734 38.8768 0.0769602
1000 3.13023 0.699512 1.39734 38.8766 0.0769602
2000 2.92111 0.699512 1.39734 38.8768 0.0769602
3000 2.80531 0.699512 1.39734 38.8767 0.0769602
4000 2.72595 0.699512 1.39734 38.8768 0.0769602
5000 2.66594 0.699512 1.39734 38.8767 0.0769602
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Appendix B
Verification of the Independent Method for
Calculating Collision-Specific DSMC Parameters
The calibration of the DSMC parameters using the collision-specific pairing
approach can be carried out independently for each binary collisional interaction,
instead of considering the entire system of parameter space of all the possible bi-
nary interactions together. Carrying out individual fitting calculations drastically
reduces the parameter space in each fitting problem, and the Nelder-Mead algo-
rithm was found to exhibit rapid convergence in this case. To demonstrate the use
of this approach (and to ensure that the same results are obtained regardless of
the calibration set-up), the fitting process for the five-species neutral air mixture
has been performed using both individual and combined calibrations for the VSS
model and the final parameter values are compared.
The results of the verification process are presented in Table B.1. The final
best-fit parameter values obtained from the indivudual and combined calibration
methods are in very good agreement up to 3 significant digits. However, the
computational time for the combined calibration was found to be several orders
of magnitude larger than the individual method even for the current system of
five-species mixture.
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Table B.1: Collision-specific DSMC parameters for neutral-neutral interactions
(1000-5000 K) obtained using the individual and combined calibrations.
Independent method Entire-space method
dref [A˚] ω α dref [A˚] ω α
N2 − N2 3.94361 0.671603 1.37033 3.94442 0.671739 1.37045
N2 −O2 3.56306 0.699512 1.39734 3.56256 0.699802 1.39733
N2 − NO 4.14311 0.725664 1.43307 4.14463 0.726028 1.43350
N2 − N 3.85296 0.732928 1.48629 3.85359 0.733017 1.48650
N2 −O 3.19264 0.698386 1.39984 3.19290 0.698439 1.39994
O2 −O2 3.80579 0.689438 1.40199 3.80549 0.689388 1.40202
O2 − NO 3.92162 0.703179 1.42517 3.92019 0.702964 1.42580
O2 − N 3.58298 0.738564 1.51084 3.58417 0.738766 1.51114
O2 −O 3.64298 0.747226 1.50122 3.64347 0.747428 1.50177
NO− NO 4.03720 0.716300 1.44809 4.03776 0.716376 1.44820
NO− N 3.84317 0.764286 1.57030 3.84323 0.764290 1.57035
NO−O 3.56195 0.734244 1.50097 3.56047 0.733991 1.50074
N− N 3.35443 0.739738 1.38797 3.35420 0.739707 1.38786
N−O 3.47652 0.747911 1.44250 3.47702 0.748011 1.44245
O−O 3.51099 0.780671 1.49165 3.51195 0.780836 1.49183
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Appendix C
Convergence Studies
Since the starting point of the algorithm (initial value of parameters), is pro-
vided by the user and is quite arbitrary, the Nelder-Mead algorithm should be
capable of converging to the same set of final parameter values irrespective of
the starting point. In order to demonstrate this, various initial conditions are
prescribed for each of the parameters (dref , ω, α), and their final values and con-
vergence are analyzed for the neutral air mixture in the temperature range of
1000-5000 K using the VSS model collision-specific pairing approach. Table C.1
presents the final values of all the parameters for each of the initial conditions,
for the representative case of N2 − N2 binary interaction. The final parameter
values are exactly matching for all 6 significant digits, which is the limit of its
accuracy since the convergence criteria was set as 10−6. Similar results were ob-
tained for all the other interaction pairs. This shows that the objective function is
well defined and has a definitive minimum and also lends confidence in the ability
of Nelder-Mead algorithm (a heuristic algorithm) to be able to converge to that
minimum, irrespective of the initial starting point, for the current optimization
problem. The convergence histories of each of the parameters, for the various
initial conditions is shown in Fig. C.1.
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Table C.1: Final best-fit values of N2 − N2 collision pair DSMC parameters (1000-
5000 K) for various initial conditions.
Initial value Final best-fit value
dref [A˚]
0.1 3.94361
1.0 3.94361
3.0 3.94361
5.0 3.94361
10.0 3.94361
100000.0 3.94361
ω
-1.00 0.671603
0.00 0.671603
0.50 0.671603
0.75 0.671603
1.00 0.671603
5.00 0.671603
α
0.0 1.37033
1.0 1.37033
1.5 1.37033
2.0 1.37033
5.0 1.37033
10.0 1.37033
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Figure C.1: Relative error of dref (a), ω(b) and α(c), as a function of iteration for
varying initial conditions.
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